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Uhihuhqw= Surihvvru Pduwlq Khoozlj/ Sk1G1
Nruuhihuhqw= Surihvvru Gu1 Ehqq| Progrydqx
Ghndq= Surihvvru Gu1 Sdxo Jdqv
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L rzh vshfldo wkdqnv wr p| wkhvlv vxshuylvru Pduwlq Khoozlj1 Zlwkrxw wkh lqwhoohfwxdo
fkdoohqjh klv whdfklqj dw Xqlyhuvlw| ri Edvoh surylghg L zrxog qrw kdyh frqwlqxhg p|
vwxg|lqj ri hfrqrplfv1 Diwhu p| judgxdwlrq kh wrrn orwv ri wlph iru dqg ghyrwhg pxfk
hruw wr glvfxvvlrqv dqg frpphqwv rq p| grfwrudo wkhvlv1 L dp yhu| juhdwixo iru klv
whdfklqj dqg vxshuylvlrq1
L wkdqn Ehqq| Progrydqx iru klv pdq| xvhixo frpphqwv dqg iru djuhhlqj wr eh p| vhfrqg
h{dplqhu1 Pdq| wkdqnv dovr wr Pdwkldv Ghzdwulsrqw iru ehlqj p| krvw zkhq L ylvlwhg XOE
lq Euxvvhov zlwklq HQWHU1 Klv ylhzv rq frqwudfw wkhru| fohduo| uhvkdshg p| wklqnlqj
derxw wkh vxemhfw1 Fkdswhu wzr ehqhwwhg iurp dq h{fhoohqw glvfxvvlrq zlwk Mdftxhv
Fuhphu1 Wklv glvfxvvlrq xowlpdwho| odlg wkh vhhg wr fkdswhu wkuhh1
L*p judwhixo iru xvhixo frpphqwv dqg glvfxvvlrqv wr wkh sduwlflsdqwv ri ydulrxv vhvvlrqv
dw XOE/ HVHP<< dw Vdqwldjr gh Frpsrvwhod/ HV lq Vhdwwoh/ HHD5n lq Ero}dqr/ dqg
hvshfldoo| wr wkh sduwlflsdqwv ri wkh Pdqqkhlp zrunvkrs lq hfrqrplf wkhru|1
Odvw exw qrw ohdvw/ L*g olnh wr wkdqn p| iulhqgv dqg froohdjxhv iru h{fhoohqw glvfxvvlrqv dqg
frpphqwv= Fodxgld Dhehuvrog V}dod|/ Pdowh Fkhugurq/ Fkulvwldq Jurk/ Vdvfkd Kdoohu/
Pdunxv Mdjjl/ Fkulvwldq Odx{ dqg Qlfrodv Pholvvdv1
Ilqdqfldo Vxssruw ri wkh Vzlvv Vflhqfh Qdwlrqdo Irxqgdwlrq dqg wkh Ghxwvfkh Iruvfkxqjv0
jhphlqvfkdiw lv juhdwixoo| dfnqrzohgjhg1
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4 Lqwurgxfwlrq 6
5 Rswlpdo Ghohjdwlrq 45
514 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
515 Wkh Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
51514 Iluvw Ehvw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
51515 Iuhhgrp ri Dfwlrq dv d Frqwudfwlqj Sureohp 1 1 1 1 1 1 1 1 1 1 1 1 1 4<
51516 Wkh Ghjuhh ri Iuhhgrp dv dq Lqfhqwlyh Ghylfh 1 1 1 1 1 1 1 1 1 1 1 1 55
516 Shuihfwo| Doljqhg Lqwhuhvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
517 Frqlfwlqj Lqwhuhvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<
518 Urexvwqhvv Frqvlghudwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65
51814 Wkh Rswlpdolw| ri "cb 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65
51815 Prqhwdu| frqwudfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66
519 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<
51: Dsshqgl{ D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73
51; Dsshqgl{ E 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:
6 Surfxuhphqw zlwk dq Hqgrjhqrxv W|sh Glvwulexwlrq 9<
614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<
615 Wkh Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5
616 Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :7
61614 Wkh Sulqflsdo*v Sureohp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :7
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617 Lpsohphqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;
618 Lqyhvwphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3
619 Ohduqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9
61: Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
61; Dsshqgl{ D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6
61< Dsshqgl{ E 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8
61<14 Lpsohphqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8
61<15 Lqyhvwphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9
61<16 Ohduqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<
7 Ilqdqfldo Frqwudfwlqj/ U)G dqg Jurzwk 434
714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434
715 Wkh prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436
716 Surshuwlhv ri wkh Qdvk0htxloleulxp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439
717 Prudo Kd}dug= Wkh Lpsdfw ri Rxwvlgh Ilqdqflqj Qhhgv ri wkh Fkdoohqjhu 1 446
71714 Iluvw ehvw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447
71715 Xqrevhuydeoh hruw= Vhfrqg ehvw frqwudfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449
718 Ohdsiurjjlqj uhfrqvlghuhg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 455
719 Lpsolfdwlrqv iru jurzwk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 458
71914 Wkh prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 458
71915 Rswlpdo uhvhdufk srolflhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:
71916 Wkh vwhdg| vwdwh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45<
71917 Zhoiduh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 464
71: Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 465
71; Dsshqgl{ D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 466
71< Dsshqgl{ E 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 466
7143 Dsshqgl{ F 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 467
5
@T|ih 
W?|hL_U|L?
Wklv glvvhuwdwlrq vwxglhv lqfhqwlyh lvvxhv lq elodwhudo frqwudfwlqj uhodwlrqv1 Wkh olwhudwxuh
kdv whuphg vxfk uhodwlrqv sulqflsdo0djhqw uhodwlrqv= rqh sduw| 0 wkh sulqflsdo 0 vhhnv wr
%hpsor|% dqrwkhu sduw| 0 wkh djhqw 0 wr shuirup d sduwlfxodu wdvn rq klv ehkdoi1 Zkhq wkh
wzr sduwlhv gr qrw kdyh dffhvv wr wkh vdph dprxqw ri lqirupdwlrq wkhlu uhodwlrq lv sodjxhg
e| lqfhqwlyh sureohpv1 Wzr w|shv ri lqirupdwlrqdo sureohpv pd| dulvh= wkrvh uhvxowlqj
iurp klgghq dfwlrqv dqg wkrvh uhvxowlqj iurp klgghq lqirupdwlrq1 Lq wkh klgghq dfwlrq
fdvh/ nqrzq dv %prudo kd}dug% wkh sulqflsdo fdqqrw revhuyh gluhfwo| krz kdug wkh djhqw
zrunv1 Lq frqwudvw/ klgghq lqirupdwlrq uhihuv wr wkh fdvh zkhuh wkh djhqw kdv vxshulru
lqirupdwlrq rq wkh rssruwxqlwlhv ri wkh yhqwxuh1 Pdq| uhdo zruog vlwxdwlrqv frqwdlq dq
hohphqw ri erwk w|shv ri lqirupdwlrqdo sureohpv= dw wkh vdph wlph wkh sulqflsdo fdqqrw
revhuyh krz kdug wkh djhqw zrunv dqg wkh djhqw srvvhvvhv vxshulru lqirupdwlrq rq uhohydqw
fkdudfwhulvwlfv ri wkh yhqwxuh1
Wkh sulqflsdo*v sureohp dprxqwv wr iruhvhhlqj wkh frqvhtxhqfhv ri klv lqirupdwlrqdo glv0
dgydqwdjh dqg wr ghvljq wkh frqwudfw jryhuqlqj wkh uhodwlrq zlwk wkh djhqw wkh zd| wkdw
ehvw plwljdwhv sureohpv ri dv|pphwulf lqirupdwlrq1 Lq wkh frqwh{w ri prudo kd}dug sure0
ohpv +vhh/ h1j1/ Jurvvpdq dqg Kduw +4<;6,, wklv dprxqwv wr dq lqgluhfw frqwuro sureohp iru
wkh sulqflsdo1 Dowkrxjk wkh lqsxw ri wkh djhqw lv qrw gluhfwo| revhuydeoh/ wkhuh pd| vwloo
eh phdvxuhv dydlodeoh wkdw surylgh vrph lqirupdwlrq derxw wkh djhqw*v lqsxw/ h1j1 surwv/
vr wkdw frqwudfwv fdq eh edvhg rq wkhvh phdvxuhv1 Lq jhqhudo 0 wkdw lv/ wr wkh h{whqw wkdw
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wkh sulqflsdo fdqqrw sxqlvk wkh djhqw h{wuhpho| kdug 0 odfn ri revhuydelolw| hqwdlov zhoiduh
orvvhv1 Lq rughu wr surylgh wkh djhqw zlwk lqfhqwlyhv wr zrun kdug/ wkh djhqw kdv wr ehdu
pruh wkdq wkh uvw ehvw dprxqw ri ulvn1 Wkh lqwxlwlrq iru wklv pruh jhqhudo vwdwhphqw
fdq eh fdswxuhg zlwk d vlpsoh h{dpsoh= vxssrvh d ulvn qhxwudo sulqflsdo dqg d ulvn dyhuvh
djhqw frqwudfw zlwk hdfk rwkhu1 Fohduo|/ dq hflhqw doorfdwlrq ri ulvnv surylghv shuihfw
lqvxudqfh wr wkh djhqw1 Krzhyhu/ iru d zdjh vfkhph wkdw lv lqghshqghqw ri surwv/ wkh
djhqw kdv qr lqfhqwlyh wr zrun dw doo1 Frqvhtxhqwo|/ gxh wr wkh prudo kd}dug sureohp/ d
wudgh0r ehwzhhq lqvxudqfh dqg lqfhqwlyh dulvhv1 Hyhq ehwzhhq ulvn qhxwudo sduwlhv/ odfn
ri dghtxdwh sxqlvklqj vfkhphv 0 wkdw lv lqdelolw| wr sd| rq wkh sduw ri wkh djhqw 0 pd|
hqwdlo zhoiduh orvvhv ehfdxvh lw suhyhqwv wkh sulqflsdo iurp kroglqj wkh djhqw frpsohwho|
uhvsrqvleoh iru klv dfwlrqv1
Lq wkh fdvh ri klgghq lqirupdwlrq wkh sulqflsdo idfhv wkh sureohp ri krz wr pdnh xvh
ri wkh djhqw*v lqirupdwlrq1 Wr surylgh d sduwlfxodu h{dpsoh/ Edurq dqg P|huvrq +4<;5,
kdyh frqvlghuhg krz wr ghvljq rswlpdo surfxuhphqw frqwudfwv zlwk d vhoohu ri xqnqrzq
frvwv1 Lghdoo| wkh ex|hu zrxog olnh wr ex| dq dprxqw wkdw uhhfwv frvwv ri surgxfwlrq1
Krzhyhu/ wkh vhoohu dozd|v kdv dq lqfhqwlyh wr h{djjhudwh wkhvh frvwv1 Frqvhtxhqwo|/ li
xqerxqghg sxqlvkphqwv duh lqihdvleoh/ dq rswlpdo vroxwlrq hqwdlov d wudgh0r ehwzhhq
ex|lqj dq hflhqw dprxqw dqg fodpslqj grzq rq wkh vxssolhu*v ryhuvwdwlqj ri frvwv dqg
lqyroyhv d zhoiduh orvv1
Wkh txhvwlrq lq hdfk sduwlfxodu dssolfdwlrq lv krz wr ehvw vwuxfwxuh frqwudfwv wkdw jryhuq
wkh uhodwlrq ri wkh sulqflsdo zlwk wkh djhqw1 Wkh hvvd|v wr iroorz lq wkh qh{w fkdswhuv
glvfxvv vxfk frqwudfwlqj duudqjhphqwv lq wkuhh sduwlfxodu frqwh{wv1
Fkdswhu wzr vwxglhv krz wr ghohjdwh d fkrlfh wr dq djhqw zkr kdv qr vxshulru lqirupdwlrq
wr ehjlq zlwk exw pd| dftxluh vxfk lqirupdwlrq dw d shuvrqdo frvw1 Wkh sulqflsdo fdqqrw
revhuyh krz kdug wkh djhqw wulhv wr dftxluh lqirupdwlrq qru fdq kh whoo zkdw lqirupdwlrq
wkh djhqw kdv lq wkh hqg1 Lq fkdswhu wkuhh zh uhfrqvlghu wkh surfxuhphqw sureohp ri
Edurq dqg P|huvrq dvvxplqj wkdw wkh vhoohu*v fkdudfwhulvwlf lv hqgrjhqrxv dqg ghwhuplqhg
e| dq xqrevhuydeoh sulru fkrlfh ri wkh djhqw1 Wzr fdqrqlfdo h{dpsohv duh glvfxvvhg=
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surgxfwlylw| hqkdqflqj lqyhvwphqw dqg 0 vlploduo| wr fkdswhu wzr 0 ohduqlqj1 Zlwklq wkh
fodvvlfdwlrq jlyhq deryh/ wkh sureohpv zh dgguhvv lq wkhvh fkdswhuv ehorqj wr wkh wklug
fodvv ri %k|eulg% sureohpv1 Fkdswhu irxu vwxglhv wkh frqvhtxhqfhv ri d sxuh prudo kd}dug
sureohp1 Lq %Ilqdqfldo Frqwudfwlqj/ U)G/ dqg Jurzwk% dq hqwuhsuhqhxu frqwudfwv zlwk dq
lqyhvwru iru wkh qdqflqj ri dq U)G rxwod|1 Lw uhtxluhv qdqfh dv zhoo dv dq xqrevhuydeoh
hruw lqsxw wr eh surylghg e| wkh hqwuhsuhqhxu wr pdnh d uhvhdufk surmhfw d vxffhvv1
Dqwlflsdwlqj klv lqdelolw| wr prqlwru wkh hqwuhsuhqhxu*v hruw fkrlfh wkh lqyhvwru jxdugv
klpvhoi e| pdnlqj qdqfh pruh frvwo| wr rewdlq iru wkh hqwuhsuhqhxu1 Prudo kd}dug rq
wkh sduw ri wkh djhqw jlyhv ulvh wr dq djhqf| frvw ri rxwvlgh qdqfh +Mhqvhq dqg Phfnolqj
+4<:9,,1 Zh vwxg| lwv frqvhtxhqfhv rq lqgxvwu| vwuxfwxuh dqg jurzwk lq wkh frqwh{w ri d
sdwhqw udfh1
Wkh uhpdlqghu ri wklv lqwurgxfwlrq surylghv dq ryhuylhz ri wkh uhvxowv ri hdfk ri wkh
fkdswhuv1 Pruh lq0ghswk ryhuylhzv ri hdfk fkdswhu fdq eh irxqg dw wkh ehjlqqlqj ri hdfk
hvvd|1
Rswlpdo Ghohjdwlrq
Fkdswhu wzr vwxglhv krz wr xvh iuhhgrp ri dfwlrq ri dq djhqw rswlpdoo| dv d phdqv
ri prwlydwlqj klv %fuhdwlylw| rq wkh mre%1 Wkh h{lvwlqj olwhudwxuh ylhzv wkh sureohp ri
ghohjdwlrq lq whupv ri wkh iroorzlqj wudgh0r1 Dq djhqw lv jlyhq iuhhgrp ri dfwlrq wr sxuvxh
vrph ri klv lghdv ehfdxvh kh kdv ehwwhu lqirupdwlrq rq wkh vxemhfw wkdq wkh sulqflsdo kdv1
Krzhyhu/ wkh sureohp lv wkdw wkh sulqflsdo dqg wkh djhqw pd| kdyh glhulqj suhihuhqfhv
frqfhuqlqj dfwlrqv wr eh wdnhq iru vrph jlyhq lqirupdwlrq1 Wkxv/ wkh wudgh0r lqyroyhg lv
rqh ri lpsuryhg txdolw| ri ghflvlrq pdnlqj yhuvxv orvv ri frqwuro1
Zh wuhdw wkh fdvh zkhuh wkh djhqw kdv qr vxshulru lqirupdwlrq h{ dqwh exw lv fdsdeoh
ri dftxlulqj vxfk lqirupdwlrq dv sduw ri wkh mre1 Vwduwlqj iurp wkh h{lvwlqj olwhudwxuh lw
zrxog eh prvw qdwxudo wr wklqn ri wkh sureohp lq whupv ri d wudgh0r ehwzhhq lqfhqwlyhv
iru lqirupdwlrq dftxlvlwlrq h{ dqwh dqg frqlfwv ri lqwhuhvw h{ srvw1 Krzhyhu/ lw wxuqv rxw
wkdw e| surfhhglqj wklv zd| dq lqwhuhvwlqj wudgh0r uhpdlqv klgghq wr wkh h|h1 Vr/ vxssrvh
wkhuh lv qr frqlfw ri lqwhuhvw h{ srvw= doo lghdv wkh djhqw frphv xs zlwk duh lq wkh ehvw
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lqwhuhvw ri wkh sulqflsdo1 Grhv wkdw phdq/ wkdw wkh sulqflsdo zloo vlpso| kdyh wkh djhqw
kdyh klv zd| doo wkh wlphB Vrphzkdw vxusulvlqjo|/ wklv lv qrw qhfhvvdulo| rswlpdo1 Lqvwhdg/
wkh sulqflsdo pd| qg lw rswlpdo wr h{foxgh vrph plggolqj fkrlfhv iurp wkh djhqw*v dfwlrq
vhw1 Wkdw lv/ kh pd| qg lw rswlpdo wr irufh wkh djhqw wr wdnh d fohdu vwdqfh rq d pdwwhu1
Wr surylgh d vshflf h{dpsoh= vxssrvh dq hfrqrplf dgylvru lv dvnhg e| d srolwlfldq iru klv
dgylfh rq wkh ghvludelolw| ri pruh ru ohvv uhjxodwlrq ri wkh whohfrppxqlfdwlrqv lqgxvwu|1 Lw
pd| eh ehwwhu wr irufh wkh dgylvru wr vd| hlwkhu/ %dgg pruh uxohv% ru %ghuhjxodwh% udwkhu
wkdq doorz klp dovr wr uhpdlq xqghflghg dqg vd| %grq*w nqrz/ nhhs wkh vwdwxv txr%1 Lq
rwkhu zrugv/ lw pd| eh rswlpdo wr ghpdqg fohdu vwdwhphqwv iurp h{shuwv hyhq li wkh| grq*w
kdyh +|hw, fohdu dqvzhuv rq wkhlu plqg1 Wkh uhdvrq lv wkdw h{shuwv* lqfhqwlyh wr wklqn kdug
derxw wkh pdwwhu dqg jdwkhu hylghqfh lq idyrxu ru djdlqvw fhuwdlq fkdqjhv duh hqkdqfhg1
Wr eh fhuwdlq/ wkh h{shuw lv irufhg wr pdnh wzr nlqgv ri plvwdnhv zkhq kh kdv wr wdnh d
fohdu vwdqfh1 Wkh uvw nlqg ri plvwdnh rffxuv zkhq wkh h{shuw uhdoo| kdv qr lqirupdwlrq
dw kdqg1 Wkh vhfrqg nlqg ri huuru rffxuv zkhq wkh h{shuw kdv irxqg rxw wkdw wkh hylghqfh
lq idyrxu dqg djdlqvw fhuwdlq fkdqjhv ri srolf| uhdoo| krog wkh edodqfh1 Krzhyhu/ vhhq
iurp wkh h{ dqwh shuvshfwlyh/ wkh uvw nlqg ri huuru lqyroyhv d kljkhu xwlolw| orvv wr wkh
h{shuw1 Wkhuhiruh iruflqj klp wr wdnh d fohdu vwdqfh lqfuhdvhv klv lqfhqwlyh wr dyrlg kdylqj
wr jlyh fohdu dqvzhuv zlwk d forxghg plqg1 Frqvhtxhqwo|/ wkh djhqw zloo frph xs zlwk
lqirupdwlrq pruh riwhq li klv iuhhgrp ri dfwlrq lv fxw wklv zd|1 Krzhyhu/ wkh gudzedfn ri
fxwwlqj wkh djhqw*v iuhhgrp ri fkrlfh lv wkdw h{ srvw wkh txdolw| ri ghflvlrq pdnlqj fdq
rqo| eh ghfuhdvhg1 Lq rwkhu zrugv wkhuh lv d wudgh0r ehwzhhq lqfhqwlyhv iru lqirupdwlrq
dftxlvlwlrq dqg wrr pxfk frqwuro1
Lw lv vwudljkwiruzdug wr h{whqg rxu iudphzrun wr hqfrpsdvv frqlfwv ri lqwhuhvw h{ srvw1
Wkh uhvxowlqj wudgh0r lv rqh ri lqfuhdvhg fuhdwlylw| yhuvxv d orvv ri frqwuro1 Rq wkh rqh
kdqg wkh djhqw frphv xs zlwk lghdv pruh riwhq zkhq kh kdv pruh iuhhgrp ri dfwlrq wr
sxuvxh klv lghdv1 Rq wkh rwkhu kdqg/ wkhvh lghdv zloo qrw dozd|v frqirup wr wkh sulqflsdo*v
wdvwh1
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Surfxuhphqw zlwk dq Hqgrjhqrxv W|sh Glvwulexwlrq
Wkh iudphzrun zh*yh ghyhorshg lq fkdswhu wzr lv zhoo vxlwhg wr dgguhvv sureohpv ri
rswlpdo uhjxodwlrq dv zhoo1 Lq %Surfxuhphqw zlwk dq Hqgrjhqrxv W|sh Glvwulexwlrq% zh
uhfrqvlghu wkh sureohp ri rswlpdo surfxuhphqw dv vwxglhg e| Edurq dqg P|huvrq +4<;5,
dqg doorz iru hqgrjhqhlw| ri wkh vhoohu*v klgghq fkdudfwhulvwlf1 Lq Edurq dqg P|huvrq*v
sureohp wkh sulqflsdo idfhv d wudgh0r ehwzhhq pdnlqj xvh ri wkh djhqw*v lqirupdwlrq
lq rughu wr ex| dq hflhqw dprxqw uhhfwlqj wuxh frvwv ri surgxfwlrq dqg olplwlqj wkh
djhqw*v lqirupdwlrqdo uhqw1 Wkh rswlpdo frqwudfwxdo duudqjhphqw hqwdlov ohvv wkdq rswlpdo
surgxfwlrq iru doo exw wkh prvw hflhqw w|sh ri surgxfhuv1 Krzhyhu/ wkhuh lv qr glvwruwlrq
dw wkh wrs1
Wklv ylhz ri wkh sureohp ri surfxuhphqw hvvhqwldoo| suhvxphv wkdw wkh surylvlrq ri wkh
vhuylfh lv lq vrph vhqvh %vwdqgdug%1 Wkh whfkqrorj| ri surgxfwlrq lv jlyhq dqg zhoo nqrzq
wr wkh surgxfhu1 Lq sudfwlfh/ dw ohdvw rqh ri wkhvh suhvxpswlrqv pljkw eh xqzduudqwhg1
Li wkh surgxfhu surylghv wkh vhuylfh iru wkh yhu| uvw wlph/ lw pd| kdyh qr vxshulru lqiru0
pdwlrq ri surgxfwlrq frvwv wkdq wkh ex|hu kdv1 Exw wkh vhoohu pd| kdyh phdqv wr dftxluh
vxfk lqirupdwlrq sulru wr surgxfwlrq1 Ru wkh vhoohu pd| kdyh phdqv wr lpsuryh klv whfk0
qrorj| wkurxjk frvw uhgxflqj lqqrydwlrqv1 Krzhyhu/ wkh gloljhqfh kh ghyrwhv wr vxfk wdvnv
lv lq pdq| fdvhv kdug wr prqlwru1 Krz duh vwdqgdug frqwudfwv ehvw dgmxvwhg wr surylgh
lqfhqwlyhv iru lqyhvwphqw dqg uhvhdufkB
Zh qg wkdw lqfhqwlyhv iru lqyhvwphqwv duh surylghg wkurxjk suhpld iru wkh prvw hflhqw
w|shv ri vhoohuv1 Wkhvh suhpld pd| eh vr odujh dv wr jhqhudwh ryhusurgxfwlrq dqg glvwru0
wlrqv dw wkh wrs ohyho ri hflhqf|1 Wkh lqwxlwlrq ehklqg wkhvh uhvxowv lv vwudljkwiruzdug1
Dq lqfuhdvh ri lqyhvwphqwv sulru wr surgxfwlrq lqfuhdvhv wkh olnholkrrg ri orz frvwv ri sur0
gxfwlrq1 Lq rughu wr surylgh lqfhqwlyhv iru lqyhvwphqwv h{ dqwh wkh rswlpdo frqwudfw hqwdlov
d uhzdug iru wkh fdvh zkhuh wkh vhoohu lv deoh wr surgxfh dw yhu| orz frvwv1 Wkhuhiruh sur0
gxfwlrq lv vhw ryhu dqg deryh wkh ohyho wkdw zrxog eh rswlpdo h{ srvw1 Wkh suhflvh khljkw
ri wkh uhzdug ghshqgv rq krz lqirupdwlyh orz frvwv ri surgxfwlrq duh derxw wkh dprxqw
lqyhvwhg h{ dqwh1 Wkh pruh lqirupdwlyh orz frvwv wkh kljkhu wkh suhplxp iru orz frvwv1
:
Lq wkh olplwlqj fdvh zkhuh wkh lqirupdwlyhqhvv lv duelwudulo| odujh/ yhu| vlpsoh frqwudfwv
fdq surylgh yhu| jrrg lqfhqwlyhv iru lqyhvwphqwv1 Rswlpdo frqwudfwv fdq eh dssur{lpdwhg
duelwudulo| forvho| e| vwdqgdug surfxuhphqw frqwudfwv dgmxvwhg iru d suhplxp wr eh sdlg
zkhqhyhu d plqlpxp ohyho ri shuirupdqfh lv uhdfkhg1
Htxloleulxp lqyhvwphqwv ri wkh vhoohu zloo dozd|v eh vxerswlpdoo| orz iurp wkh ex|hu*v
shuvshfwlyh1 Kljkhu lqyhvwphqwv lqfuhdvh wkh olnholkrrg ri orz frvwv ri surgxfwlrq dqg wkh
ex|hu ehqhwv h{ srvw zkhq wkh vhoohu orzhu frvwv1 Lq rwkhu zrugv/ wkh lqyhvwphqw ghflvlrq
hqwdlov d srvlwlyh h{whuqdolw| rq wkh ex|hu1
Frqvlghu qrz uhvhdufk rq frvwv ri surgxfwlrq1 Lq wklv frqwh{w zh h{sodlq wkh hphujhqfh
ri h{wuhph uhzdug vfkhphv1 Rswlpdo frqwudfwv lqyroyh d uhzdug iru yhu| hflhqw sur0
gxfhuv dqg d sxqlvkphqw iru yhu| lqhflhqw surgxfhuv1 Wkh uhdvrq lv vwudljkwiruzdug1
D frqwudfw wkdw surylghv lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq pxvw pdnh pruh xvh ri
lqirupdwlrq wkdq d frqwudfw wkdw zrxog eh rswlpdo iru wkh vdph exw jlyhq lqirupdwlrq
vwuxfwxuh1 Pdnlqj pruh xvh ri lqirupdwlrq lq wxuq phdqv wkdw wkh ohyho ri surgxfwlrq
uhdfwv pruh vwurqjo| wr wkh sulydwh lqirupdwlrq ri wkh vhoohu1 Li wkh ex|hu qgv lw rswlpdo
wr jlyh lqfhqwlyhv iru uhvhdufk wkh rswlpdo frqwudfw pd| hqwdlo suhpld dw wkh wrs dqg ryhu0
surgxfwlrq dw wkh wrs dv iru wkh fdvh ri lqyhvwphqwv1 Vlploduo|/ yhu| vlpsoh frqwudfwv pd|
hphujh dv dq rswlpdo vroxwlrq wr wkh lqfhqwlyh sureohp li wkh orzhvw frvwv ri surgxfwlrq
lv yhu| lqirupdwlyh derxw uhvhdufk hruwv1
Krzhyhu/ wkhuh lv d ghflvlyh glhuhqfh ehwzhhq lqyhvwphqwv wkdw uhgxfh frvwv dqg uhvhdufk
wkdw phuho| uhvxowv lq ehwwhu lqirupdwlrq derxw frvwv1 Khuh/ pruh uhvhdufk rq wkh sduw
ri wkh vhoohu lv qrw xqdpeljxrxvo| d eohvvlqj wr wkh ex|hu1 Wkh h{whuqdolw| h{huwhg rq
wkh vhoohu*v sd|r pd| dovr eh qhjdwlyh1 Pruh lqirupdwlrq derxw surgxfwlrq frvwv uhvxowv
vrphwlphv lq d ehwwhu ghdo iru wkh ex|hu h{ srvw dqg vrphwlphv lq d zruvh ghdo h{ srvw1
Urxjko| vshdnlqj/ zkhq wkh shufhlyhg frvwv ri wkh vhoohu dgmxvw xszdugv wkh ex|hu lv
zruvh r wkdq li lw kdg frqwudfwhg zlwk wkh vhoohu iru dq dyhudjh dprxqw ri surgxfwlrq dw
dq dyhudjh ohyho ri frvwv1 Kh lv ehwwhu r li shufhlyhg frvwv dgmxvw wrzdugv orzhu ohyhov ri
frvwv1 Wkxv/ pruh uhvhdufk rq wkh sduw ri wkh vhoohu lv dnlq wr d orwwhu|1 Zkhwkhu wkh ex|hu
;
ehqhwv iurp vxfk d orwwhu| ghshqgv rq klv lqgxfhg suhihuhqfhv wrzdugv ulvn1 Li kh grhv
qrw olnh wr lqfxu vxfk d orwwhu| kh zloo uhvsrqg zlwk d pruh htxdol}hg frqwudfwxdo vroxwlrq
wkdw pdnhv ohvv xvh ri lqirupdwlrq wkdq vwdqgdug surfxuhphqw frqwudfwv dqg frqvhtxhqwo|
surylghv ohvv ri dq lqfhqwlyh wr dftxluh lqirupdwlrq lq wkh uvw sodfh1
Ilqdqfldo Frqwudfwlqj/ U)G dqg Jurzwk
%Ilqdqfldo Frqwudfwlqj/ U)G dqg Jurzwk% wdnhv xs d vlpsoh olqh ri wkrxjkw1 \rxqj upv
duh xvxdoo| ixoo ri lghdv exw vkruw ri fdvk1 Lq frqwudvw/ pdwxuh upv riwhq kdyh qdqfldo
phdqv lq dexqgdqfh1 \hw/ wkhlu ehkdylrxu grhv qrw dozd|v glvsod| wrr pxfk fuhdwlylw|1 Lv
wkhuh d plvpdwfk ehwzhhq lghdv dqg qdqfhB
Zkloh zh dujxh wkdw wklv lv qrw suhflvho| wkh fdvh/ zh vkrz wkdw wkhuh lv qhyhuwkhohvv d
judlq ri wuxwk lq wkh dujxphqw= pruh suhflvho|/ zh hvwdeolvk d fdxvdo uhodwlrqvkls ehwzhhq
qdqflqj qhhgv ri vwduw0xsv dqg odfn ri fuhdwlylw| ri pdwxuh upv1 Pdwxuh upv fdq drug
wr lqqrydwh pruh vorzo|/ wkhuhe| fdswxulqj pruh surwv iurp wkh vdoh ri wkhlu surgxfwv/
ehfdxvh wkh| gr qrw kdyh wr ihdu wrr pxfk frpshwlwlrq iurp vwduw0xsv1 Odfn ri frpshwlwlrq
iurp vwduw0xsv lq wxuq dulvhv ehfdxvh sureohpv ri dv|pphwulf lqirupdwlrq pdnh qdqfh
pruh frvwo| wr rewdlq iru |rxqj upv1
Pruh suhflvho|/ zh hqylvlrq wkh iroorzlqj frqvwhoodwlrq1 Lpdjlqh d prqrsrolvwlf pdunhw
iru d sdwhqwhg surgxfw fxuuhqwo| vrog e| wkh lqyhqwru ri wkdw surgxfw/ wkh lqfxpehqw
khqfhiruwk1 Wkh txdolw| ri wkh surgxfw fdq eh lpsuryhg wkurxjk frvwo| lqqrydwlrqv1 Zh
frqvlghu wkh sdwhqw udfh iru vxfk d txdolw| lpsurylqj lqqrydwlrq ehwzhhq wkh lqfxpehqw
dqg +d, srwhqwldo hqwudqw+v,1
Lq vxfk d udfh wkh lqlwldo vwduwlqj srvlwlrq ri wkh lqfxpehqw lv d qdwxudo vrxufh ri d
frpsdudwlyh dgydqwdjh ylv d ylv rxwvlghuv1 Wkh surwv fxuuhqwo| rewdlqhg fdq eh xvhg wr
qdqfh U)G rxwod|v1 Lq frqwudvw/ rxwvlghuv zlwk qr vxfk edvlv ri surwv kdyh wr frqwudfw
zlwk lqyhvwruv wr qdqfh wkhlu h{shqglwxuhv iru uhvhdufk dqg ghyhorsphqw1 Frqvhtxhqwo|/
dq| jdlqv iurp wkh yhqwxuh hqwudqwv jhw kdyh wr eh vkduhg zlwk wkh qdqflhuv1 Dv d uhvxow/
vwduw0xs*v lqfhqwlyhv wr frqgxfw uhvhdufk lq wkh uvw sodfh duh uhgxfhg1 Iruhvhhlqj wkhvh
hhfwv rxwvlgh qdqfh zloo eh pruh frvwo| wr rewdlq iru vwduw0xsv/ sxwwlqj wkhp f1s1 dw d
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frpsdudwlyh glvdgydqwdjh uhodwlyh wr wkh lqfxpehqw zkr fdq vhoqdqfh1
Krzhyhu/ zkloh qdqfldo vwdqglqj srzhu lv dq dgydqwdjh ri wkh lqfxpehqw/ wkhuh duh dovr
gudzedfnv wkdw vwhp iurp klv vwduwlqj srvlwlrq1 Lq sduwlfxodu/ lqqrydwlqj lv d pl{hg
eohvvlqj wr wkh lqfxpehqw1 Iru rqh wklqj/ dq lqqrydwlrq fuhdwhv d qhz pdunhw iru d qhz
surgxfw zlwk dvvrfldwhg surwv wr wkh lqqrydwru1 Krzhyhu/ wkh vdoh ri d kljkhu txdolw|
surgxfw uhqghuv wkh fxuuhqw surgxfw revrohwh/ ghvwur|lqj wkh surwv wkdw frxog kdyh ehhq
pdgh wkurxjk wkh vdoh ri wkh rog surgxfw1 Wkh lqfxpehqw uhsodfhv klv prqrsro| zlwk d
qhz rqh vr wkdw rqo| wkh pdujlqdo lqfuhdvh lq surwv lv ydoxdeoh wr klp1 Hqwudqwv rq wkh
rwkhu kdqg kdyh qr vxfk edvlv ri surwv wr ghvwur|1 Dv d frqvhtxhqfh wrwdo ixwxuh surwv
frxqw dv dq lqfhqwlyh iru lqqrydwlrqv/ sxwwlqj wkhp f1s1 dw d vwudwhjlf dgydqwdjh ylv d ylv
wkh lqfxpehqw1
Wkh uhodwlyh vwuhqjwk ri wkhvh wzr irufhv ghwhuplqhv zkr zloo vshqg pruh rq uhvhdufk dqg
zkr lv pruh olnho| wr zlq wkh udfh1 Lq sduwlfxodu/ wkh fkdqfhv ri rxwvlgh hqwudqwv wr zlq
djdlqvw hvwdeolvkhg upv zloo eh prghvw li lw uhtxluhv d odujh lqfuhdvh lq kdug0wr0phdvxuh
+dqg khqfh qrw frqwudfwdeoh, lqsxwv wr lqfuhdvh wkh vxffhvv suredelolw| lq wkh ode e| d
jlyhq dprxqw1
Wkxv/ lq d sduwldo htxloleulxp iudphzrun/ rxu prgho gholyhuv d suhglfwlrq derxw uhodwlyh
uhvhdufk rxwod|v dqg uhodwlyh uhvhdufk vxffhvvhv1 Zkhq h{whqghg wr d jhqhudo htxloleulxp
iudphzrun/ glhuhqfhv lq frvwv jlyh ulvh wr h{wuhph rxwfrphv= rqo| wkh prvw hflhqw
uhvhdufkhu zloo eh dfwlyh lq htxloleulxp1 Zkhq qdqflqj sureohpv ri |rxqj upv duh
vhyhuh/ wklv phdqv wkdw rqo| wkh lqfxpehqw zloo eh dq dfwlyh uhvhdufkhu1 Pruhryhu/ klv
uhvhdufk srolf| zloo lqyroyh ohvv wkdq vrfldoo| rswlpdo uhvhdufk1 Wkh qdqflqj qhhgv ri
vwduw0xs upv fuhdwh wkh ohhzd| wkh lqfxpehqw qhhgv wr iroorz klv prvw suhihuuhg uhvhdufk
srolf|1 Vlqfh qhz surgxfwv uhqghu klv rog surgxfwv revrohwh wkh lqfxpehqw zdqwv wr uhvw
d olwwoh elw rq klv odxuhov vr wkdw klv sulydwho| rswlpdo uhvhdufk srolf| hqwdlov wrr olwwoh
lqqrydwlrqv iurp wkh vrfldo shuvshfwlyh1
Rxu dujxphqwv pdnh fohdu wkdw yhqwxuh fdslwdo lv lpsruwdqw/ qrw rqo| ehfdxvh lw ixhov wkh
fuhdwlrq ri qhz lghdv dqg surgxfwv wkurxjk wkh fuhdwlrq ri qhz upv uhsodflqj rog rqhv
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exw dovr ehfdxvh ri lwv glvflsolqlqj hhfw rq wkh ehkdylrxu ri hvwdeolvkhg upv1
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Vwdqgdug djhqf| wkhru| dvvxphv wkdw wkh djhqw*v dfwlrq vsdfh lv jlyhq1 Lq vrph frqwh{wv/
krzhyhu/ lw lv ri lqwhuhvw wr vwxg| krz pxfk iuhhgrp ri dfwlrq dq djhqw vkrxog eh jlyhq1
Wklv lv d nh| lvvxh iru wkh wkhru| ri ghohjdwlrq1
Ghohjdwlrq lv xvxdoo| vwxglhg lq whupv ri d wudgh0r ehwzhhq wkh ehqhwv ri h{sorlwlqj wkh
djhqw*v vxshulru lqirupdwlrq dqg wkh frvwv dulvlqj iurp frqlfwlqj lqwhuhvwv zlwk wkh uhvxow
wkdw wkh sulqflsdo pd| zdqw wr frqvwudlq wkh djhqw*v iuhhgrp ri dfwlrq wr plwljdwh wkh
frqvhtxhqfhv ri frqlfwv1 Wkh suhvhqw sdshu vkrzv wkdw wkhuh pd| eh dqrwkhu uhdvrq wr
uhgxfh wkh djhqw*v iuhhgrp ri dfwlrq1 Wkh sdshu ghyhorsv d prgho zkhuh wkhuh lv qr frqlfw
ri lqwhuhvw exw wkh sulqflsdo iruelgv wkh djhqw wr fkrrvh dfwlrqv lq vrph lqwhuphgldwh vhw
iruflqj klp wr wdnh d fohdu fkrlfh lq rqh gluhfwlrq ru wkh rwkhu1 Wklv lv frvwo| iru erwk wkh
sulqflsdo dqg wkh djhqw zkhqhyhu plggolqj dfwlrqv duh lqghhg rswlpdo1 Krzhyhu/ lw kdv
wkh dgydqwdjh wkdw wkh djhqw zloo wu| kdughu wr qg rxw zkdw wkh ehvw fkrlfh lv1
Wkh vlwxdwlrq zh kdyh lq plqg lv rqh zkhuh d sulqflsdo kluhv dq djhqw wr lpsohphqw d
vshflf surmhfw iru klp1 Erwk sduwlhv kdyh zhoo ghqhg suhihuhqfhv ryhu doo srvvleoh fkrlfhv
wkh djhqw pljkw wdnh1 Krzhyhu/ wkh lghqwlw| ri wkh ehvw fkrlfh ghshqgv rq flufxpvwdqfhv
xqnqrzq wr erwk wkh sulqflsdo dqg wkh djhqw dw wkh rxwvhw1 E| vshqglqj sulydwho| frvwo|
hruw wkh djhqw fdq wu| wr ehfrph lqiruphg derxw wkhvh flufxpvwdqfhv1 Wkh djhqw*v
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hruw fkrlfh/ krzhyhu/ lv xqrevhuydeoh wr wkh sulqflsdo1 Wkh txhvwlrq wkhq lv krz wkh
frqwudfw dhfwv wkh djhqw*v hruw fkrlfh dqg wkh sureohp lv wr surylgh wkh djhqw zlwk
surshu lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq1 Surklelwlqj wkh djhqw iurp grlqj zkdw
zrxog eh rswlpdo xqghu ljqrudqfh surylghv vxfk dq lqfhqwlyh e| uhgxflqj klv sd|r lq
wkh hyhqw zkhuh kh lv qrw lqiruphg1 Wr eh vxuh/ vxfk d surklelwlrq dovr uhgxfhv klv sd|r
lq wkh hyhqw zkhuh kh lv lqiruphg dqg vwloo klv lqirupdwlrq kdv qr hhfw rq klv rswlpdo
fkrlfh1 Krzhyhu/ iurp dq h{ dqwh shuvshfwlyh wkh iruphu hhfw grplqdwhv wkh odwwhu1 E|
surklelwlqj wkh djhqw irup wdnlqj fkrlfhv lq wkh qhljkerxukrrg ri wkh rswlpdo fkrlfh xqghu
ljqrudqfh wkh glhuhqfh ehwzhhq wkh h{shfwhg sd|r iurp ehlqj lqiruphg dqg wkh h{shfwhg
sd|r zlwkrxw lqirupdwlrq lv lqfuhdvhg1 Frqvhtxhqwo| wkh djhqw*v pdujlqdo ehqhw ri
lqirupdwlrq/ l1h1 klv lqfhqwlyh wr ehfrph lqiruphg/ lv lqfuhdvhg zkhq wkh sulqflsdo olplwv
wkh djhqw*v delolw| wr fkrrvh plggolqj dfwlrqv1 Wkh uhvxowlqj lpsuryhphqw lq wkh txdolw|
ri ghflvlrq pdnlqj pd| rxwzhljk wkh orvvhv wkh sulqflsdo lqlfwv rq klpvhoi wkurxjk wkh
idfw wkdw kh sxqlvkhv klpvhoi +h{ srvw, mxvw dv kh sxqlvkhv klv djhqw1 Wkhuhiruh/ olplwlqj
wkh djhqw*v iuhhgrp ri dfwlrq fdq eh rswlpdo lq wkh yhu| fdvh zkhuh remhfwlyhv duh vkduhg1
Lq d vwudljkwiruzdug h{whqvlrq ri wkh prgho zh doorz iru frqlfwlqj lqwhuhvwv zlwk uhvshfw
wr surmhfw fkrlfhv1 Zkhq frqlfwlqj lqwhuhvwv duh dq lvvxh wkh sulqflsdo zdqwv wr plwljdwh
wkh h{whqw ri frqlfwv lq zruvw fdvh vfhqdulrv1 Wklv lv dfklhyhg e| iruelgglqj h{wuhph
fkrlfhv d sulrul1 Olplwlqj wkh djhqw*v glvfuhwlrq wklv zd| frphv/ krzhyhu/ dw wkh frvw ri
vwllqj wkh djhqw*v lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq1
Wkh h{shfwhg h{whqw ri frqlfwv lv wkh odujhu wkh pruh vhyhuh wkh frqlfw ri lqwhuhvw
ehwzhhq sulqflsdo dqg djhqw1 Wkhuhiruh wkh uhjlrq ri surklelwhg h{wuhph fkrlfhv zloo eh
wkh odujhu wkh pruh vhyhuh wkh frqlfw1 Wkh uhjlrq ri surklelwhg lqwhuphgldwh fkrlfhv zloo
eh wkh odujhu wkh ehwwhu lqwhuhvwv duh doljqhg/ ehfdxvh wkh pdujlqdo ydoxh ri lqirupdwlrq
wr wkh sulqflsdo lv wkh kljkhu wkh forvhu lqwhuhvwv duh doljqhg1 Wdnhq wrjhwkhu wklv lpsolhv
d qrq0prqrwrqlflw| lq wkh uhdfwlrq ri wkh djhqw*v rswlpdo ghjuhh ri iuhhgrp wr fkdqjhv lq
wkh vhyhulw| ri wkh frqlfw ri lqwhuhvwv1
Rxu wkhru| pljkw khos h{sodlq vrph uhdo zruog skhqrphqd= srolwlfldqv/ zkhq wkh| ds0
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surdfk hfrqrplvwv iru wkhlu dgylfh/ zdqw wr khdu fohdu vwdwhphqwv derxw zkhwkhu d srolf|
lv jrrg ru edg1 Wkxv/ wkh dqvzhu/ %lw ghshqgv% lv h{foxghg iurp wkh djhqw*v fkrlfh vhw/
dowkrxjk lw lv riwhq wkh ehvw dqvzhu wkdw fdq eh jlyhq +dqg lw lv fhuwdlqo| wkh ehvw dqvzhu
iru dq hfrqrplvw/ li kh kdv qr vshflf lqirupdwlrq,1 Dv d frqvhtxhqfh wkh hfrqrplvw 0
surylghg wkdw kh kdv d suhihuhqfh iru fruuhfw dqvzhuv 0 zloo vshqg pruh wlph wklqnlqj
derxw wkh fruuhfw vroxwlrq12
Zklqvwrq Fkxufkloo frpsodlqhg wkdw kh frxog qrw jhw rqh0kdqghg hfrqrplvwv1 Li kh dvnhg
wkhp iru dgylfh wkh| zrxog nhhs whoolqj klp= %Zhoo/ rq wkh rqh kdqg111/ exw rq wkh rwkhu
kdqg dovr111% Lq frqwudvw/ dffruglqj wr rxu prgho/ d rqh kdqghg hfrqrplvw kdv wr pdnh
xs klv plqg iru hlwkhu rqh vlgh dqg wdnh d fohdu vwdqfh1
Mxgjhv ru phpehuv ri d mxu| fdq hhfwlyho| rqo| fkrrvh ehwzhhq jxlow| dqg qrq jxlow|1
Wkh mxgjhphqw %grq*w nqrz% lv h{foxghg iurp wkh fkrlfh vhw1 Frqvhtxhqwo| wkh mxgjh dqg
wkh mxuruv kdyh d vwurqj lqfhqwlyh wr wklqn kdug derxw wkh jxlow ri wkh dffxvhg1 Dv d odvw
h{dpsoh/ frqvlghu d frusrudwh fxowxuh zlwk d vwurqj eldv iru lqqrydwlrqv1 Wkh qglqj lq
wkh sdshu pljkw jlyh vrph udwlrqdoh iru wkh %zh gr lw glhuhqwo|% grfwulqh1 Li khdgtxduwhuv
iroorzv wkh srolf| %zkdwhyhu zh gr zh zloo qrw vwlfn wr wkh vwdwxv txr% glylvlrq pdqdjhuv
zloo kdyh d vwurqj lqfhqwlyh wr ehfrph lqiruphg derxw zkdw fkdqjh h{dfwo| vkrxog eh
lpsohphqwhg1
Wkh dqdo|vlv ri wkh sdshu ehduv rq wzr glvwlqfw vwudqgv ri wkh olwhudwxuh rq ghohjdwlrq1
Rq wkh rqh kdqg Kropvwurp +4<;7, dqg Dupvwurqj +4<<7, kdyh lqyhvwljdwhg wkh rswlpdo
ghjuhh ri iuhhgrp d sulqflsdo vkrxog judqw klv djhqw lq vlwxdwlrqv ri frqlfwlqj lqwhuhvwv
zlwk jlyhq lqirupdwlrq vwuxfwxuhv1 Lq wkhlu prghov wkhuh zdv qr qhhg wr prwlydwh wkh djhqw
wr dftxluh lqirupdwlrq1 Rq wkh rwkhu kdqg Djklrq dqg Wluroh +4<<:, kdyh ghyhorshg
d wkhru| ri wkh doorfdwlrq ri dxwkrulw| zlwklq rujdql}dwlrqv1 Lq d vlwxdwlrq zkhuh wkh
frqwudfwlqj sduwlhv* lqirupdwlrq vwuxfwxuhv duh hqgrjhqrxv wkh| vkrz wkdw d sulqflsdo pd|
jdlq iurp ghohjdwlqj dxwkrulw| wr dq djhqw hyhq li sulqflsdo dqg djhqw gr qrw vkduh wkh
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vdph remhfwlyh dqg wkh odwwhu vrphwlphv dexvhv wkh iuhhgrp ri dfwlrq wklv surylghv1 Jlylqj
wkh djhqw pruh iuhhgrp +ru dxwkrulw|, lqfuhdvhv klv lqfhqwlyh wr dftxluh lqirupdwlrq1 Wkh
uhvxowlqj lpsuryhphqw lq wkh txdolw| ri ghflvlrq pdnlqj pd| rxwzhljk wkh orvv ri frqwuro
iru wkh sulqflsdo1
Wkh suhvhqw sdshu vwxglhv d k|eulg ri wkhvh wzr dssurdfkhv wr wkh sureohp ri ghohjdwlrq1
Dv lq Djklrq dqg Wluroh +4<<:, wkh djhqw*v lqfhqwlyhv wr ehfrph lqiruphg duh ghwhuplqhg
e| wkh doorfdwlrq ri dxwkrulw|/ l1h1 wkh djhqw*v iuhhgrp ri dfwlrq1 Lq frqwudvw wr wkhlu prgho
rqo| wkh djhqw fdq jdwkhu lqirupdwlrq lq wkh suhvhqw prgho/ vr lw lv rswlpdo wr ghohjdwh
ghflvlrq pdnlqj wr klp1 Zh duh frqfhuqhg zlwk wkh rswlpdo iuhhgrp ri dfwlrq/ wkh djhqw
vkrxog eh jlyhq/ ru htxlydohqwo|/ krz pxfk dxwkrulw| kh vkrxog kdyh= dv lq Kropvwurp
+4<;7, dqg Dupvwurqj +4<<7, wkh sulqflsdo lv jlyhq wkh uljkw wr %yhwr% fhuwdlq surmhfwv ru
fkrlfhv d sulrul1e Wkxv/ wkh txhvwlrq zh dgguhvv lv= %Krz vkrxog d sulqflsdo rswlpdoo| xvh
klv yhwr srzhu lq d vlwxdwlrq ri ghfhqwudol}hg ghflvlrq pdnlqjB%
Lq whupv ri uhvxowv wkh glhuhqfh wr Djklrq dqg Wluroh +4<<:, lv wkdw lq wkhlu prgho wkh
djhqw*v delolw| wr fkrrvh surylghv lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq zkloh khuh lw lv wkh
djhqw*v lqdelolw| wr fkrrvh wkdw lv idyrudeoh iru lqfhqwlyhv1
Dw d pruh jhqhudo ohyho/ wkh suhvhqw sdshu udlvhv wkh txhvwlrq= %Krz duh frqwudfwv ehvw
vwuxfwxuhg zkhq wkhuh lv d qhhg wr surylgh lqfhqwlyhv iru erwk wkh dftxlvlwlrq ri lqirupdwlrq
dqg wkh vxevhtxhqw xvh ri wkh lqirupdwlrqB% Wklv txhvwlrq kdv dovr ehhq dgguhvvhg lq d
glhuhqw olqh ri uhvhdufk1D Fuhphu/ Nkdolo dqg Urfkhw +4<<;d, kdyh lqyhvwljdwhg krz wkh
surshuwlhv ri rswlpdo frqwudfwv duh dowhuhg lq wkh vwdqgdug surfxuhphqw sureohp zkhq wkh
djhqw*v ghflvlrq wr jdwkhu surgxfwlyh lqirupdwlrq pxvw eh lqfhqwlyh frpsdwleoh1 Ohzlv
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dqg Vdsslqjwrq +4<<:, frqvlghu d uhodwhg txhvwlrq lq dq rujdql}dwlrqdo ghvljq sureohp
wr dujxh iru wkh vhsdudwlrq ri lqirupdwlrq dftxlvlwlrq dqg lwv vxevhtxhqw hpsor|phqw1 D
frpprq qglqj ri wklv olwhudwxuh lv wkdw wkh sureohp ri lqgxflqj lqirupdwlrq dftxlvlwlrq
dqg lwv uhyhodwlrq pxvw eh vroyhg vlpxowdqhrxvo|1 Rswlpdo frqwudfwv wkhuhiruh lqyroyh
dgglwlrqdo glvwruwlrqv uhodwlyh wr wkh vwdqgdug surfxuhphqw vlwxdwlrq1 Lq rxu prgho zlwk
shuihfwo| doljqhg lqwhuhvwv/ hflhqw surgxfwlrq frxog h{ srvw eh dfklhyhg frvwohvvo|1 \hw/
wkh sulqflsdo pd| yroxqwdulo| fkrrvh wr lqwurgxfh glvwruwlrqv h{ dqwh wr surylgh lqfhqwlyhv
iru lqirupdwlrq dftxlvlwlrq1
Wkh uhpdlqghu ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 515 lqwurgxfhv wkh prgho1
Vhfwlrq 516 wuhdwv wkh fdvh ri frpsohwh doljqphqw ri lqwhuhvwv1 Vhfwlrq 517 rhuv d pruh
jhqhudo wuhdwphqw ri wkh sureohp/ doorzlqj iru frqlfwv ri lqwhuhvwv1 Vhfwlrq 518 glvfxvvhv
wkh urexvwqhvv ri rxu dssurdfk dqg vhfwlrq 519 frqfoxghv1 Doo surriv duh uhohjdwhg wr wkh
dsshqgl{1
22 Ai L_i*
Zh frqvlghu dq djhqf| sureohp lq zklfk wkh sd|rv ri erwk wkh sulqflsdo dqg wkh djhqw
ghshqg rq dq dfwlrq { fkrvhq e| wkh djhqw dv zhoo dv rq wzr sdudphwhuv/  dqg *> dffruglqj
wr wkh vshflfdwlrq
X+{> , @ n 
D
5
+{ ,2 +514,
dqg
 +{>*, @ N 
4
5
+{ *,2 +515,
zkhuh X lv wkh sd|r ri wkh djhqw dqg  wkh sd|r ri wkh sulqflsdo1 D lv d phdvxuh ri
wkh djhqw*v uhodwlyh glvwdvwh iru ulvn +uhdg= uhodwlyh wr wkh sulqflsdo,1 Zh zloo khqfhiruwk
lqwhusuhw wkh dfwlrq { dv wkh fkrlfh ri d sduwlfxodu %surmhfw%1 Wkh sdudphwhuv  dqg * duh
dvvxphg wr eh uhdol}dwlrqv ri udqgrp yduldeohv  dqg * zlwk mrlqw glvwulexwlrq ixqfwlrq
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I#c)1 Pruh suhflvho|
Dvvxpswlrq 514 +> *, kdyh lghqwlfdo/ v|pphwulf pdujlqdov i# @ i) zlwk phdq  dqg
Yduldqfh 2=
Dw wkh wlph ri frqwudfwlqj erwk djhqw dqg sulqflsdo nqrz i exw qhlwkhu ri wkhp nqrzv
wkh uhdol}dwlrq ri  dqg *=
Ehwzhhq wkh wlph wkh frqwudfw lv zulwwhq dqg wkh fkrlfh ri wkh dfwlrq { wkh djhqw wulhv wr
jhw lqiruphg1 E| h{huwlqj hruw h wkh djhqw lv lqiruphg derxw wkh uhdol}dwlrqv ri erwk 
dqg * zlwk suredelolw| h 0 xqlqiruphg zlwk suredelolw| 4h 0 dqg ehduv frvwv ri hruw j+h,>
zkhuh j+h, lv frqyh{ dqg vdwlvhv wkh Lqdgd frqglwlrqv= j+h, A 3> j+h, A 3> olpe<f j
+h, @
3> olpe< j
+h, @4= Wkh djhqw*v fkrlfh ri h lv qrw revhuydeoh wr wkh sulqflsdo1 Li wkh djhqw
ehfdph lqiruphg/ wkh wuxh uhdol}dwlrqv ri  dqg * duh klv sulydwh nqrzohgjh1 Pruhryhu/
wkh sulqflsdo grhv qrw revhuyh zkhwkhu wkh djhqw vxffhvvixoo| ohduqhg wkh wuxh uhdol}dwlrqv
ri  dqg * ru qrw1
Wkh djhqw fkrrvhv wkh dfwlrq { dffruglqj wr klv lqirupdwlrqS1
Frqwudfwlelolw|= Lq vhfwlrq 518/ zh zloo dqdo|}h wkh rswlpdo fkrlfh ri prqhwdu| frqwudfwv1
Exw iru wkh prphqw/ zh vwxg| d vlwxdwlrq zkhuh wkh sulqflsdo fdqqrw xvh vxfk frqwudfwlqj
vfkhphv=
Dvvxpswlrq 515 Wkh djhqw grhv qrw uhdfw wr prqhwdu| lqfhqwlyhv1
Lq oljkw ri dvvxpswlrq 515 wkhuh lv qr srvvlelolw| wr pdnh wkh uhzdug ri wkh djhqw ghshqghqw
rq wkh uhdol}hg sd|r ri wkh sulqflsdo/ > hyhq li  lv shuihfwo| revhuydeoh dqg yhuldeoh=
Wkhuhiruh/ wkh sulqflsdo fdq rqo| frqwudfw rq wkh revhuydeoh ghflvlrq { lq d qrqprqhwdu|
vhqvh=
Frqwudfwv= wkh sulqflsdo uhvwulfwv wkh fkrlfh ri { wr dq dgplvvdeoh vhw =
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Wkh vlwxdwlrq lv wkxv rqh zkhuh wkh djhqw fduhv %pxfk pruh% iru klv sulydwh ehqhw wkdq
kh fduhv iru rwkhu vrxufhv ri lqfrph1 Wkh dvvxpswlrq vhuyhv wr hpskdvl}h wkh lpsdfw
ri wkh djhqw*v glvfuhwlrq rq klv lqfhqwlyhv wr dftxluh lqirupdwlrq1 Zh eholhyh wkdw wkhuh
duh lqwhuhvwlqj vlwxdwlrqv wkdw w lqwr wklv vlpsolhg zruog= wkh lqwurgxfwru| h{dpsoh ri
wkh mxgjhv* glvfuhwlrq lv d fdvh lq srlqw zkhuh vlpsoh uxohv udwkhu wkdq frpsoh{ qdqfldo
duudqjhphqwv duh xvhg lq sudfwlfh1 Pruhryhu zh zloo vkrz wkdw wkh dvvxpswlrq lv qrw
fuxfldo iru wkh pdlq uhvxowv = wkh pdlq uhvxow zloo eh vkrzq wr eh urexvw zlwk uhvshfw wr
wkh lqwurgxfwlrq ri prqhwdu| frqwudfwv dv orqj dv sd|rv duh qrq0frqwudfwleoh1 +vhh vhfwlrq
518,
Wkh qdwxuh ri frqlfwv= Xqghu dvvxpswlrq 514 wkhuh lv qr frqlfw ri lqwhuhvw frqfhuqlqj
surmhfw fkrlfh h{ dqwh= erwk sulqflsdo dqg djhqw djuhh wkdw { @  lv wkh ehvw fkrlfh1
Krzhyhu/ h{ srvw 0 l1h1 frqglwlrqdo d vshflf uhdol}dwlrq +> *, ri +> *, 0 wkh sulqflsdo
dqg klv djhqw gr qrw qhfhvvdulo| djuhh zkdw wkh ehvw surmhfw lv= wkh djhqw*v suhihuuhg
dowhuqdwlyh lv { @  zkloh wkh fkrlfh { @ * lv lq wkh sulqflsdo*v ehvw lqwhuhvw1 Iru wkh
dqdo|vlv ri rswlpdo frqwudfwv zkhq lqwhuhvwv duh frqlfwlqj h{ srvw lq vhfwlrq 517 lw zloo eh
qhfhvvdu| wr lpsrvh pruh vwuxfwxuh rq wkh glvwulexwlrq I#c)1 Lq wklv fdvh zh zloo dqdo|}h
d vshfldo fdvh ri wkh glvwulexwlrqv vdwlvi|lqj Dvvxpswlrq 514=.
Dvvxpswlrq 514* = +> *, duh elyduldwh qrupdo zlwk mrlqw ghqvlw| i#c) dqg lghqwlfdo
pdujlqdov i# @ i)/ l1h1   Q+> 
2,> *  Q+> 2,=
Vlqfh pdujlqdov duh lghqwlfdo/ wkh fruuhodwlrq frhflhqw  ehwzhhq  dqg * vxppdul}hv doo
uhohydqw lqirupdwlrq rq wkh h{shfwhg h{whqw ri wklv frqlfw ri lqwhuhvw frqfhuqlqj surmhfw
fkrlfh h{ srvw1
22 6ht| it|
Wkh uvw ehvw fruuhvsrqgv wr d vlwxdwlrq zkhuh doo yduldeohv fdq eh zulwwhq lqwr dq hqirufh0
deoh frqwudfw/ l1h1 hyhu|wklqj lv revhuydeoh dqg yhuldeoh1 Vxfk d frqwudfw zloo gluhfwo|
vshfli| d sduwlfxodu fkrlfh ri h dqg d fkrlfh ri { frqwlqjhqw rq wkh djhqw*v lqirupdwlrq1
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Wr surylgh d ehqfkpdun zh zloo fkdudfwhul}h wklv uvw ehvw iru wkh fdvh ri shuihfwo| doljqhg
lqwhuhvwv frqfhuqlqj surmhfw fkrlfh/ l1h   *1 Wkh frqwudfw zloo wkxv vshfli| { @  iru wkh
fdvh zkhuh wkh djhqw nqrzv wkh uhdol}dwlrq ri  dqg { @  iru wkh fdvh zkhuh wkh djhqw
grhv qrw nqrz wkh wuxh uhdol}dwlrq ri =
Wkh uvw ehvw hruw ohyho lv ghqhg dv wkh hruw ohyho wkdw pd{lpl}hv mrlqw vxusoxv1H Wr
ghulyh wklv zh pxvw uvw fdofxodwh wkh ydoxh ri lqirupdwlrq1 Iurp +515, wkh sulqflsdo*v
sd|r frqglwlrqdo rq wkh djhqw nqrzlqj  lv N> zkloh wkh djhqw zloo hqmr| xwlolw| n +iurp
+514,,1 Frqglwlrqdo rq wkh djhqw ehlqj ljqrudqw wkh sulqflsdo*v sd|r lv= N  2
U
+ 
,2gI# @ N 

2
2> zkloh wkh djhqw zloo wkhq kdyh xwlolw| n 2 
2= Wkh rswlpdo fkrlfh ri
h vroyhv
pd{
e
N . n 
+4 .D,2
5
. h
+4 .D,2
5
 j+h,
dqg wkhuhiruh vdwlvhv
+4 .D,2
5
-
@ j+h,
L1h1 wkh djhqw vshqgv hruw wr ohduq xqwlo wkh pdujlqdo frvw ri hruw lv htxdo wr wkh
pdujlqdoo| dyrlghg glvxwlolw| ri ulvn iru wkh sulqflsdo dqg klpvhoi1
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Wkhuh duh wzr sureohpv ri dv|pphwulf lqirupdwlrq suhvhqw1 Wkh djhqw*v lqirupdwlrq dqg
klv hruw fkrlfh duh qrw revhuydeoh wr wkh sulqflsdo1 H{ srvw/ l1h1 jlyhq wkh djhqw*v lqiru0
pdwlrq vwuxfwxuh/ wkhuh zloo eh klgghq nqrzohgjh/ erwk zlwk uhvshfw wr zkhwkhu wkh djhqw
kdv ohduqhg wkh wuxh uhdol}dwlrqv ri > * dqg zlwk uhvshfw wr wkh uhdol}dwlrqv wkhpvhoyhv
li wkh djhqw kdv ohduqhg wkhp1 H{ dqwh/ l1h1 ehiruh lqirupdwlrq lv dftxluhg/ wkh lqfhqwlyh
sureohp lv wr prwlydwh wkh djhqw wr ehfrph lqiruphg1 Erwk sureohpv pxvw eh vroyhg
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vlpxowdqhrxvo| e| fkrlfh ri wkh frqwudfw = Lq wkh devhqfh ri prqhwdu| frpshqvdwlrq
vfkhphv/ wkh sulqflsdo zloo fkrrvh wkh dgplvvdeoh vhw  lq vxfk d zd| dv wr pd{lpl}h klv
h{shfwhg sd|r1 Pruh irupdoo| wkh sulqflsdo*v pd{lpl}dwlrq sureohp lv=
pd{
%c%EcKce
hH+{+,> *, . +4 h,H+{> *, +516,
v1w1
{+, 5 dujpd{
%MK
X+{> , ; +517,
{ 5 dujpd{
%MK
HX+{> ,
HX+{+,> ,HX+{> , @ j+h, +518,
hHX+{+,> , . +519,
+4 h,HX+{> , j+h,  3>
Wkh uvw whup lq +516, uhsuhvhqwv wkh sulqflsdo*v h{shfwhg sd|r zkhq kh nqrzv wkdw
dq djhqw zkr nqrzv wkh uhdol}dwlrqv ri  dqg * +khqfhiruwk dq lqiruphg djhqw, fkrrvhv
klv prvw suhihuuhg dowhuqdwlyh +jlyhq wkh uhvwulfwlrq ,/ zhljkwhg e| wkh suredelolw| ri
uhdfklqj wklv vwdwh/ h1 Wkh vhfrqg whup uhsuhvhqwv wkh dqdorjxh iru dq ljqrudqw djhqw*v
fkrlfh1 +517, duh wkh lqfhqwlyh frpsdwlelolw| frqglwlrqv rq wkh fkrlfh ri dowhuqdwlyh ri wkh
lqiruphg djhqw +khqfhiruwk {+=,, dqg rq wkh fkrlfh ri dq ljqrudqw djhqw +{ khqfhiruwk,/
uhvshfwlyho|1 +518, lv wkh LF frqglwlrq iru wkh djhqw*v hruw fkrlfh1 Ilqdoo| +519, lv wkh
djhqw*v lqglylgxdo udwlrqdolw| frqvwudlqw/ zklfk lv dvvxphg wr eh qrqelqglqj iru doo > l1h1
n lv uhodwlyho| odujh1b
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Wkh sureohp lv qrw frpsohwho| vwdqgdug1 Wkh glhuhqfh vwhpv iurp wkh idfw wkdw wkh
sulqflsdo frqwurov wkh ghjuhh ri iuhhgrp wkh djhqw kdv zkhq kh wdnhv klv ghflvlrq= wkh
sulqflsdo pd{lpl}hv zlwk uhvshfw wr vhwv zklfk lq wxuq surylgh wkh frqvwudlqwv rq wkh
djhqw*v fkrlfhv1 Dw uvw vljkw wklv sureohp lv txlwh xqvwuxfwxuhg1 Krzhyhu rqh fdq suryh=
Sursrvlwlrq 514 Dq rswlpdo frqwudfw wdnhv wkh irup
"cb @ " _ b
zkhuhf
" @ grp i#q+ > . ,
dqg
b @ grp i#q^4>  ,+. >4‘
iru vrph >   3>   zkhqhyhu +l, lqwhuhvwv duh shuihfwo| doljqhg ru +ll, lqwhuhvwv duh
frqlfwlqj dqg 2 lv odujh1
Wkh rswlpdo frqwudfw fdq eh xqghuvwrrg lq whupv ri wzr sdudphwhuv/  dqg = Wkh djhqw
lv surklelwhg iurp wdnlqj h{wuhph dfwlrqv { lq wkh lqwhuydov ^4>   , dqg + . >4‘
dqg kh lv surklelwhg iurp wdnlqj plggolqj dfwlrqv lq wkh lqwhuydo +> .,= Wkh vpdoohu
lv  wkh pruh vhyhuh lv wkh surklelwlrq ri h{wuhph dfwlrqv> wkh odujhu lv  wkh pruh vhyhuh
lv wkh surklelwlrq ri plggolqj dfwlrqv1 Lq wkh fdvh ri d zrunhu lq fkdujh ri ex|lqj jrrgv
iru klv up/ " phdqv %ex| hlwkhu ohvv wkdq   ru pruh wkdq .  jrrgv exw grq*w ex|
dq| txdqwlw| lq ehwzhhq1% b phdqv %ex| dw ohdvw   exw qrw pruh wkdq .  lwhpv%1
Vhwwlqj  @ 3 dqg  @4 phdqv %gr zkdwhyhu |rx ghhp uljkw%1
Wkh lqwxlwlrq iru Sursrvlwlrq 514 lv h{sodlqhg lq pruh ghwdlo lq vhfwlrq 5181 Wkh h{sodqdwlrq
exlogv rq khxulvwlf dujxphqwv ghyhorshg lq wkh dqdo|vlv ri wkh rswlpdo fkrlfh ri > = Wkh
f_J6 s# t|@?_t uLh |i _L4@? Lu |i _i?t|)
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irupdo surri ri Sursrvlwlrq 514 lv jlyhq lq dsshqgl{ D1
Qrwdwlrq= Lq oljkw ri Sursrvlwlrq 514 zh zloo khqfhiruwk xvh wkh iroorzlqj vkruwkdqg iru
wkh djhqw*v dqg wkh sulqflsdo*v h{shfwhg sd|rv xqghu frqwudfw "cb +dqwlflsdwlqj lqfhqwlyh
frpsdwleoh fkrlfhv dffruglqj wr wkh djhqw*v lqirupdwlrq dqg +517,,=
H"cb = @ H+{
+,> *,> H"cb =@ H+{
> *,
HX "cb = @ HX+{
+,> ,> HX "cb =@ HX+{
> ,
22 Ai #i}hii Lu 6hii_L4 @t @? W?Ui?|i #iUi
Wkh djhqw*v lqfhqwlyh wr dftxluh lqirupdwlrq lv ghwhuplqhg e| wkh pdujlqdo ydoxh ri lqiru0
pdwlrq iru klp/ HX "cb HX

"cb+ vhh +518,,1 Wklv lq wxuq ghshqgv rq wkh frqwudfw> ehfdxvh
wkh djhqw*v dfwlrqv { dqg { duh frqvwudlqhg e|  +vhh +518,,1 Wr ghwhuplqh wkh djhqw*v
hruw fkrlfh/ zh vroyh edfnzdugv1 Iru dq| frqwudfw "cb wkh djhqw*v ehvw uhvsrqvh zlwk
uhvshfw ri wkh fkrlfh ri { lv=
{+"cb, @
;AAAAAAAAA?
AAAAAAAA=
  iru  5 ^4>  ,
 % ^ >  ‘
  % + > ‘
.  % +> . ,
 % ^. > . ‘
.  % +. >4‘
+517*,
{ @ i. 
l1h1 kh plqlpl}hv wkh +h{shfwhg, ghyldwlrq iurp wkh xquhvwulfwhg ehvw fkrlfh/ zklfk zrxog
eh { @  li wkh djhqw lv lqiruphg dqg { @  li wkh djhqw lv ljqrudqw12
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Wkh djhqw*v h{shfwhg xwlolw| ohyhov xqghu "cb> frqglwlrqdo rq ehlqj lqiruphg +HX

"cb, dqg/
uhvshfwlyho|/ rq ehlqj ljqrudqw +HX "cb, duh wkhq +e| v|pphwu|,
HX "cb @ n D
] >n"
>
+.  ,2gI# D
] "
>nb
+.  ,2gI# +51:,
HX "cb @ n 
D
5
]
+.  ,2gI# @ n 
D
5
+2 . 2,
Iurp +518, dqg +51:, wkh djhqw*v lqfhqwlyh frpsdwleoh hruw fkrlfh lv
h @ k

D
Ej2n"232
U >n"
>
E>n"3#2_8#32
U"
>nbE>nb3#
2_8#
2

+518*,
zkhuh k =@ j3+=, +zklfk h{lvwv e| j+h, A 3,= Lw wxuqv rxw wkdw wkh sdudphwhuv >  kdyh
yhu| fohdu0fxw hhfwv rq wkh djhqw*v hruw fkrlfh=
Ohppd 514 h lv lqfuhdvlqj lq  dqg lqfuhdvlqj lq =
Wkh djhqw*v lqfhqwlyh wr dftxluh lqirupdwlrq lv ghwhuplqhg e| wkh zhgjh ehwzhhq xwlolw|
ohyhov dfurvv wkh vwdwh zkhuh wkh djhqw lv lqiruphg dqg wkh vwdwh zkhuh kh lv qrw1 Wr irvwhu
wkh djhqw*v hruw fkrlfh/ wklv zhgjh pxvw eh lqfuhdvhg= hlwkhu nqrzohgjh pxvw eh uhzdughg
ru ljqrudqfh pxvw eh sxqlvkhg1 Wkh uvw uhvxow fruuhvsrqgv wr wkh lqwxlwlyh qrwlrq wkdw
%olplwlqj wkh djhqw*v iuhhgrp ri dfwlrq vwlhv klv lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq%1
Iurp +518*, lw lv fohdu wkdw wkh pd{lpdo srvvleoh uhzdug lv dfklhyhg e| vhwwlqj  @ 4=
Iru dq| jlyhq fkrlfh ri > wkhuh lv/ krzhyhu/ d vhfrqg zd| wr irvwhu wkh djhqw*v lqlwldwlyh1
Surklelwlqj wkh djhqw iurp fkrrvlqj dfwlrqv zklfk zrxog eh rswlpdo lq fdvh kh uhpdlqv
ljqrudqw hhfwlyho| vhuyhv dv d sxqlvkphqw ghylfh1 Wkh sulqflsdo wkhuhe| lqwhuihuhv zlwk
wkh rswlpdo fkrlfh xqghu ljqrudqfh dv zhoo dv zlwk wkh rswlpdo fkrlfhv zkhqhyhu wkh djhqw
nqrzv wkdw plggolqj dfwlrqv duh rswlpdo1 Wkh sxqlvkphqw lv hhfwlyh ehfdxvh lwv lpsdfw
rq wkh djhqw*v xwlolw| lv pruh vhyhuh zkhq wkh vxeruglqdwh lv ljqrudqw= frqglwlrqdo rq wkh
djhqw ehlqj lqiruphg/ wkh rswlpdo fkrlfh zloo rqo| e| frlqflghqfh/ l1h1 vpdoo suredelolw|/
olh lq wkh h{foxghg lqwhuydo/ zkloh frqglwlrqdo rq ehlqj ljqrudqw wkh djhqw dozd|v zdqwv
>3 " @?_ >n "
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wr fkrrvh wkh h{foxghg dowhuqdwlyh { @ = Lq vkruw/ erwk ohyhov HX "cb dqg HX

"cb ghfuhdvh/
exw wkhlu glhuhqfh/ HX "cb  HX

"cb> lqfuhdvhv1 Wkh lqdelolw| wr fkrrvh fdq eh xvhg wr
irvwhu wkh djhqw*v lqlwldwlyh1 Lw vkrxog eh qrwhg wkdw wklv uhvxow grhv qrw ghshqg rq dq|
glvwulexwlrqdo dvvxpswlrqv dw doo1 Lw zloo krog dv orqj dv wkhuh duh dw ohdvw wkuhh srvvleoh
fkrlfhv dqg wkhuh lv vrph xqfhuwdlqw| dw doo1
2 ihuiU|*) *}?i_ W?|ihit|t
Dw uvw vljkw wkh fdvh ri shuihfwo| doljqhg lqwhuhvwv zlwk uhvshfw wr surmhfw fkrlfhv vhhpv
wrwdoo| xqlqwhuhvwlqj1 E| ghqlwlrq wkh djhqw*v vhovko| prwlydwhg surmhfw fkrlfhv duh lq
wkh sulqflsdo*v ehvw lqwhuhvw1 Wkh sulqflsdo frxog vlpso| whoo wkh djhqw wr gr zkdwhyhu kh
ghhpv uljkw dqg wkhuhe| pdnh frvwohvv xvh ri wkh djhqw*v vxshulru lqirupdwlrq1 Krzhyhu/
rqo| wkh h{ srvw lqfhqwlyh sureohp lv vroyhg1 Iurp wkh h{ dqwh shuvshfwlyh hyhq zkhq
judqwhg ixoo iuhhgrp ri dfwlrq wkh djhqw vwloo h{huwv wrr olwwoh hruw uhodwlyh wr wkh vrfldo
rswlpxp ehfdxvh kh grhv qrw ydoxh wkh lpsuryhphqw lq wkh sulqflsdo*v xwlolw| iurp dq
lqiruphg ghflvlrq1 Wkh sulqflsdo pd| wkhuhiruh zdqw wr uhvwulfw wkh djhqw*v fkrlfh vhw/ vr
dv wr lqfuhdvh klv hruw fkrlfh1 Lq oljkw ri ohppd 514 wklv fdq eh dfklhyhg e| vhwwlqj  A 3=
Zh qrz surfhhg wr vkrz wkdw wklv pljkw lqghhg eh rswlpdo1
Dqdorjrxvo| wr +51:, rqh fdq ghulyh wkh sulqflsdo*v h{shfwhg xwlolw| frqglwlrqdo rq wkh idfw
wkdw klv djhqw kdv ohduqhg wkh uhdol}dwlrqv ri  dqg * +wkdw wkh djhqw lv ljqrudqw ri wkh
uhdol}dwlrqv/ uhvshfwlyho|,
H"cb @ N 
] >n"
>
+.  ,2gI# 
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>nb
+.  ,2gI# +51;,
H"cb @ N 
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5
+2 . 2,
Soxjjlqj +518*, dqg +51;, lqwr +516,/ wkh sulqflsdo*v pd{lpl}dwlrq sureohp fdq eh uhvwdwhg
dv dq xqfrqvwudlqhg sureohp=
pd{
"cb
hH"cb . +4 h,H

"cb +51<,
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Vroxwlrqv vdwlvi| wkh uvw rughu qhfhvvdu| frqglwlrqv=
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Ghqh hrKs =@ hm"’fcb’" > l1h1 wkh djhqw*v hruw fkrlfh lq wkh vhfrqg ehvw vlwxdwlrq zkhq kh
lv ohiw wr fkrrvh zkdw kh ghhpv uljkw +zkhuh wkh i vwdqgv iru %iuhh%,1 Wkhq
Sursrvlwlrq 515 +L, Dq rswlpdo vroxwlrq wr surjudp +51<, h{lvwv1
+LL, Wkh rswlpdo frqwudfw wdnhv wkh irup "W @ grp i#q+  
W>  . W,> l1h1 "WcbW zlwk
W @4 dqg W qlwh1
+LLL, Wkh sulqflsdo rswlpdoo| vhwv W A 3 li +4 hrKs , ?
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EerK
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=
+LY , Li }
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}Ee2
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2 A 5>;h wkhq +d, wkh rswlpdo frqwudfw lv xqltxh dqg +e, 
W A 3 rqo| li
+4 hrKs , ?
j2
2}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Reylrxvo| wkh sulqflsdo kdv qr uhdvrq wr surklelw wkh djhqw iurp fkrrvlqj h{wuhph do0
whuqdwlyhv zkhq lqwhuhvwv duh shuihfwo| doljqhg= erwk +51;, dqg +518*, duh lqfuhdvlqj lq =
Wkhuhiruh  @ 4 lv rswlpdo1 Wr hdvh wkh glvfxvvlrq lq wklv vhfwlrq zh zloo vnls wkh vxe0
vfulsw  rq h{shfwhg sd|rv= Iljxuh 514 vkrzv wkh vkdsh ri wkh rswlpdo frqwudfw li  A 3
lv rswlpdo1 Vlqfh wkh sureohp lv v|pphwulf zh frqvlghu wkh xsshu kdoi ri wkh vxssruw ri 
rqo| dqg wkh ruljlq ri wkh gldjudp fruuhvsrqgv wr  @ H=
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{+,
 
Iljxuh 514
Wkh gdvkhg olqh fruuhvsrqgv wr wkh 78 ghjuhh olqh dqg ghslfwv uvw ehvw rswlpdo surmhfw
fkrlfhv { @ = Li wkh rswlpdo frqwudfw lv vxfk wkdw wkh djhqw*v hruw fkrlfh lv irvwhuhg
deryh wkh ohyho wkdw kh vxssolhv yroxqwdulo|/ wkhq d ghsduwxuh iurp rswlpdo fkrlfhv lv
irufhg iru uhdol}dwlrqv ri  forvh wr wkh phdq lq wkdw wkh djhqw lv surklelwhg frpsohwho|
iurp fkrrvlqj dfwlrqv zklfk duh wrr forvh wr wkh phdq1 Qrwh lq sduwlfxodu wkdw wkhvh duh
wkh rqo| glvwruwlrqv lqwurgxfhg dw wkh rswlpxp1
Zkhwkhu wkh sulqflsdo qgv lw zruwkzkloh wr vhw  A 3 ghshqgv rq wkh ohyho ri hruw vxsso|
zkhq wkh djhqw lv ohiw wr fkrrvh zkdw kh ghhpv uljkw/ hrKs > rq wkh djhqw*v uhvsrqvlyhqhvv
wr lqfhqwlyhv/ 
}EerK
s

> dqg rq wkh pdujlqdo ydoxh ri dyrlghg ulvn wr wkh sulqflsdo j
2
2 1 Wkh
lqfuhdvh lq wkh djhqw*v hruw vxsso| pxvw eh odujh hqrxjk wr mxvwli| wkh h{ srvw xwlolw|
orvvhv wkh sulqflsdo lqlfwv rq klpvhoi e| lqwhuihulqj zlwk wkh djhqw*v fkrlfhv1 D vxflhqw
frqglwlrq wkdw jxdudqwhhv wklv lv +4 hrKs , ?
j2
2}EerK
s

= Wr xqghuvwdqg wklv uhvxow / frqvlghu
 yhu| vpdoo exw srvlwlyh= zlwk suredelolw| +dssur{lpdwho|, 4  hrKs wkh djhqw lv ljqrudqw
dqg wkh sulqflsdo mxvw vkrrwv klpvhoi lq wkh irrw/ e| vhwwlqj  A 3=Wkh pdujlqdo lpsdfw
ri lqfuhdvlqj  rq H" lv wkhq htxdo wr = Zlwk suredelolw| h
rK
s wkh djhqw lv lqiruphg1
Lq wklv hyhqw wkhuh lv dovr d qhjdwlyh lpsdfw ri  rq H"> exw wklv hhfw ydqlvkhv dv  lv
fkrvhq vpdoo hqrxjk1 Wkhvh frvwv pxvw eh frpsduhg zlwk wkh pdujlqdo ulvn dyrlgdqfh/
l1h1 dgglwlrqdo hruw vxssolhg gxh wr d pdujlqdo lqfuhdvh lq wkh zhgjh H+X "  X

" , wlphv
wkh lpsdfw ri dyrlghg ulvn rq wkh sulqflsdo*v xwlolw|= 
}EerK
s
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 Xqghu wkh frqglwlrq lq
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wkh sursrvlwlrq wkh odwwhu/ ehqhfldo hhfw zloo grplqdwh wkh frvwv dqg wkh sulqflsdo zloo
vhw  A 3=
Suhflvho| iru wkh vdph uhdvrq/ krzhyhu/ wkh sulqflsdo*v pd{lpl}dwlrq sureohp fdqqrw eh
joredoo| frqfdyh1 Exw li wkh surgxfw ri wkh pdujlqdoo| dyrlghg ulvn/ 
}EerK
s

j2
2 > dqg wkh
fxuydwxuh ri wkh pdujlqdo frvw ixqfwlrq/ }
Ee
}Ee > lv erxqghg ehorz e| d vxlwdeoh frqvwdqw/
zh duh deoh wr suryh xqltxhqhvv ri wkh vroxwlrq ri wkh sulqflsdo*v sureohp1e Qrwh/ krzhyhu/
wkdw h{lvwhqfh ri d vroxwlrq grhv qrw ghshqg rq wklv frqglwlrq1
Lw lv vwudljkwiruzdug wr vkrz wkdw wkh dujxphqw xqghuo|lqj sursrvlwlrq 515 grhv qrw ghshqg
rq wkh irup ri wkh xwlolw| ixqfwlrq= rqh frxog dv zhoo wdnh ixqfwlrqv a+{> ,> aX+{> , dqg
dvvxph wkdw/ iru hdfk > Y
Y%
a+{> , @ 3 iru vrph { dqg Y
2
Y%2
a+{> , ? 3= Olnhzlvh iru aX+{> ,=
Ixuwkhupruh dvvxph wkdw a+{> , dqg aX+{> , duh vxfk wkdw wkhlu xqltxh pd{lpl}hu lv
lghqwlfdo iru hdfk > khqfh wkdw wkhuh duh qr frqlfwv ri lqwhuhvwv1 Wkh surriv duh hvvhqwldoo|
wkh vdph1
Rqh pd| zrqghu derxw wkh urexvwqhvv ri wkh dqdo|vlv wr lqglylgxdo udwlrqdolw| frqvlghud0
wlrqv1 Lq wkh devhqfh ri prqhwdu| wudqvihuv wkh frvwv ri surklelwlqj plggolqj dfwlrqv pdnh
wkh djhqw zruvh r1 Krzhyhu/ zkhq prqhwdu| frqwudfwv duh dgplwwhg/ lw lv vwudljkwiruzdug
wr h{whqg wkh dqdo|vlv wr elqglqj LU0frqvwudlqwv1 Wklv zloo eh glvfxvvhg lq ghwdlo lq vhfwlrq
518 dqg lq Dsshqgl{ E1
Wkhuh lv dq lvvxh ri frpplwphqw dqg uhqhjrwldwlrq1 Rqfh hruw lv vxqn/ erwk sulqflsdo
dqg djhqw zrxog eh ehwwhu r zkhq wkh djhqw lv jlyhq ixoo iuhhgrp1 Exw li wkh sulqflsdo
fdqqrw frpplw qrw wr uhqhjrwldwh wkh frqwudfw/ wkh lqfhqwlyh hhfw ri wkh lqlwldo frqwudfw
zrxog eh xqghuplqhg1
D qdwxudo txhvwlrq lv krz wkh vl}h ri wkh surklelwhg lqwhuydo lv dhfwhg e| wkh sdudphwhuv
ri wkh prgho1
Sursrvlwlrq 516 Li/ jlyhq > }
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2 A 5>;h>D wkh rswlpdo ydoxh ri 
W lv qrqlq0
fuhdvlqj lq wkh ulvn dyhuvlrq sdudphwhu D= Olnhzlvh/ jlyhq D> W lv qrqlqfuhdvlqj lq 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uhL4 " uLh " ih) t4@** Etii E2. ? |i TTi?_ 
eN?uLh|?@|i*) W @i ?L E}LL_ ?||L? uLh |i |h_ _ih@|i Lu |i ULt| u?U|L?
5:
}Ee
E}Ee2
j2
2 A 5> ;h> = Li lq dgglwlrq +4  h
rK
s , ?
j2
2}EerK
s

> W lv/ f1s1/ vwulfwo| ghfuhdvlqj lq
D dqg 1
Zkhwkhu wkh surklelwhg uhjlrq zloo eh vpdoohu ru odujhu zkhq wkh sdudphwhuv ri wkh prgho
duh ydulhg djdlq erlov grzq wr wkh txhvwlrq krz wkh ohyho ri hruw dqg wkh uhvsrqvlyhqhvv
ri wkh djhqw wr lqfhqwlyhv duh dhfwhg e| wkh fkdqjh lq wkh sdudphwhuv1 Lq jhqhudo wkhuh
duh frxqwhuydlolqj irufhv dw zrun1 D vpdoohu D fdxvhv d orzhu ohyho ri hruw vxsso| ri wkh
djhqw iru dq| jlyhq frqwudfw/ ehfdxvh wkh djhqw jhwv uhodwlyho| lqglhuhqw zlwk uhvshfw wr
wkh ulvn ri fkrrvlqj wkh zurqj surmhfwv1 Wkhuhiruh wkh ulvn ri vkrrwlqj lqwr rqhvhoi*v irrw
e| vhwwlqj  A 3 lqfuhdvhv dqg wkh sulqflsdo kdv ohvv ri dq lqfhqwlyh wr xvh d surklelwlrq1
Rq wkh rwkhu kdqg/ d ghfuhdvh lq D dovr fkdqjhv wkh zd| wkh djhqw uhdfwv wr lqfhqwlyhv=
erwk wkh qrplqdwru dqg wkh ghqrplqdwru ri j
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s

duh dhfwhg e| d fkdqjh lq D= Wkh
qrplqdwru lv ghfuhdvhg e| d ghfuhdvh lq D= Wkh ghqrplqdwru lv dhfwhg e| wkh idfw wkdw h
lv wkh vpdoohu wkh vpdoohu D lv1 Li wkh frvw ixqfwlrq lv frqyh{ hqrxjk/ l1h1 li j+h, A 3>;h>
wkhq wklv lpsolhv wkdw wkh ghqrplqdwru lv ghfuhdvhg e| d ghfuhdvh lq D= Pruhryhu/ li wklv
frqyh{lw| ri j+h, lv vr surqrxqfhg lq uhodwlrq wr wkh rwkhu sdudphwhuv ri wkh prgho vxfk
wkdw wkh frqglwlrq }
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 zloo eh lqfuhdvhg iru doo
ydoxhv ri h zkhuh lw lv hydoxdwhg1 Khqfh zh fdq frqfoxgh wkdw wkh sulqflsdo kdv pruh ri
dq lqfhqwlyh wr xvh d surklelwlrq ri lqwhuphgldwh fkrlfhv/ ru xvh d odujhu surklelwlrq ri
vxfk fkrlfhv/ uhvshfwlyho|/ zkhq wkh djhqw lv uhodwlyho| lqglhuhqw zlwk uhvshfw wr wkh ulvn
ri fkrrvlqj zurqj dfwlrqv1
Wkh uhdghu pljkw eh zruulhg derxw wkh idfw wkdw zh pdgh uhihuhqfh wr wkh hqgrjhqrxv
txdqwlw| hrKs lq wkh frqglwlrqv vwdwhg lq sursrvlwlrq 515 dv ehlqj vxflhqw iru 
W A 3= Wr vhh
wkdw wkhvh frqglwlrqv duh qrw ydfxrxv lw lv lqvwuxfwlyh wr frqvlghu wkh iroorzlqj h{dpsoh=
OhwD j+h, @ fh . h
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Khqfhiruwk L zloo dvvxph wkdw wkh frqglwlrqv lq sursrvlwlrq 515 duh vdwlvhg1 Irupdoo| L
zloo lpsrvh=
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Vr idu rqo| wkh h{wuhph fdvh ri shuihfw doljqphqw ri lqwhuhvwv kdv ehhq glvfxvvhg1 Lq wklv
vshfldo fdvh wkhuh lv qr qhhg iru wkh sulqflsdo wr surwhfw klpvhoi iurp h{0srvw0rssruwxqlvwlf
ehkdylru ri klv djhqw/ vlqfh wkh rqo| ghyldwlrq iurp uvw ehvw zdv wkh djhqw*v hruw fkrlfh1
Zkhq  dqg * duh qrw lghqwlfdo wklv lv qr orqjhu wuxh dqg wkh frqwudfw pxvw surylgh wkh
djhqw zlwk surshu lqfhqwlyhv iru klv hruw fkrlfh dqg wkh surmhfw fkrlfh1 Frqfhuqlqj wkh
surmhfw fkrlfh/ wkh zruvw fdvh vfhqdulr iru wkh sulqflsdo lv jlyhq e| d uhdol}dwlrq0wxsoh
> * ri > * zkhuh  dqg * duh h{wuhpho| idu dsduw1 Dv d frqvhtxhqfh/ wkh djhqw zkhq
ohiw xquhvwulfwhg wr fkrrvh zkdwhyhu kh ghhpv uljkw/ pljkw fkrrvh dq dowhuqdwlyh zklfk
jlyhv wkh sulqflsdo d yhu| orz sulydwh ehqhw1 Wkh sulqflsdo fdq pdmrul}h wkh h{shfwhg
lpsdfw rq klv sulydwh ehqhwv ri wklv glyhujhqfh ri lqwhuhvwv h{ srvw li kh iruelgv h{wuhph
dowhuqdwlyhv d sulrul/ l1h1 vhwv  ?4=
Wkh h{shfwhg xwlolw| ri wkh sulqflsdo iurp lqiruphg ghflvlrqv ri klv djhqw qrz wdnhv dffrxqw
ri wkh mrlqw glvwulexwlrq ri > *= Khqfh=
H+,bc" =@ N 
;AA?
AAA=
U U >n"
>
+.  *,2gI#gI)#
.
U U >nb
>n" +  *,
2gI#gI)#
.
U U"
>nb+.  *,
2gI#gI)#
<AA@
AAA>
+5145,
SAi hi@_ih L ?_t | UL?|ih?||i |@| |ihi t @*tL @ h@?}i uLh  tU |@| erKs n

2}33Eeve
i

: 
u  t *@h}i i?L}c hiU@** |@| uLh S 	 
H
j2c erKs n

2}33Eeve
i

t ?Uhi@t?} ? 
5<
zkloh Hbc" lv qrw dhfwhg uhodwlyh wr wkh fdvh ehiruh/ ehfdxvh wkhuh lv qr lqirupdwlrq
zh frxog frqglwlrq rq1 Wkh ehqhw ri iruelgglqj h{wuhph dowhuqdwlyhv d sulrul iru wkh
sulqflsdo lv wkh surwhfwlrq djdlqvw h{wuhph frqlfwv1 Wkh lsvlgh ri wkh frlq lv ri frxuvh
wkdw wkh sulqflsdo pljkw hqg xs iruelgglqj d fkrlfh wkdw kh zrxog dfwxdoo| zdqw wr kdyh
lpsohphqwhg h{ srvw dqg wkdw wkh djhqw zloo uhvsrqg zlwk ohvv hruw1
Irupdoo|/ wkh sulqflsdo qrz vroyhv
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zkhuh H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"cb lv jlyhq e| +5145,1 Vroxwlrqv ri wklv surjudp vdwlvi|
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Sursrvlwlrq 517 +ld,Dq rswlpdo vroxwlrq wr sureohp +5146, h{lvwv1 +le,Wkh vroxwlrq lv
xqltxh +d1h1,1
+ll,Wkh sulqflsdo lv ehwwhu r li kh frqwudfwv zlwk djhqwv zkrvh lqwhuhvwv duh pruh lq olqh
zlwk klv rzq/ l1h1 Y
Y4
H+,"cb A 3=
+lll,Xqghu Dvvxpswlrq 516 lw lv rswlpdo wr vhw  A 3 li  lv vxflhqwo| forvh wr 4> Y"
W
Y4
 3=
+ly,Li   3 lw lv rswlpdo wr vhw W @ 3=
+y,Li 3 ?  ? 4 wkh sulqflsdo zloo fkrrvh wkh erxqgdu| ri wkh lqwhuydo frqwuro vxfk wkdw
W A > zkhuh  @ dujpd{H+,"cb= Li  @ 4/ 
W @ =
+yl, W lqfuhdvhv lq =
D fkrlfh ri W A 3 vhuyhv wr prwlydwh wkh djhqw wr vxsso| kljk hruw1 Surklelwlqj wkh
djhqw iurp fkrrvlqj h{wuhph dfwlrqv surwhfwv wkh sulqflsdo iurp rssruwxqlvwlf ehkdylru ri
klv djhqw1 Iruelgglqj wkh fkrlfh zklfk lv ehvw xqghu ljqrudqfh lv d yhu| frvwo| lqfhqwlyh
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lqvwuxphqw1 Lw zloo rqo| eh xvhg li wkh ehqhw ri grlqj vr lv vxflhqwo| odujh1 Vlqfh
wkh ydoxh ri ghohjdwlrq lqfuhdvhv zlwk wkh fruuhodwlrq ehwzhhq lqwhuhvwv wklv zloo eh wkh
fdvh zkhq wkh sulqflsdo*v dqg wkh djhqw*v lqwhuhvwv duh forvho| doljqhg1 Xowlpdwho|/ zkhq
lqwhuhvwv duh qhjdwlyho| fruuhodwhg/ wkh pdujlqdo ydoxh ri dgglwlrqdo hruw iru wkh sulqflsdo
lv qhjdwlyh/ krz hyhu kh ghohjdwhv wkh wdvn wr wkh djhqw1 Wklv orjlf vxjjhvwv wkdw wkh
sulqflsdo zloo vwrs irvwhulqj wkh djhqw*v hruw vxsso| e| surklelwlqj wkh djhqw iurp fkrrvlqj
plggolqj dfwlrqv zkhq wkh phdvxuh ri wkh vhyhulw| ri frqlfwv ri lqwhuhvwv/ > idoov ehorz d
fulwlfdo ydoxh dqg zloo frqwhqg klpvhoi zlwk xvlqj vdihjxdugv rqo|1
Dv orqj dv wkh sulqflsdo grhv qrw qg lw rswlpdo wr jlyh klv djhqw ixoo glvfuhwlrq/ kh zloo
jlyh d iuhhgrp ri dfwlrq/ zklfk lv odujhu wkdq zrxog eh rswlpdo iurp dq h{ srvw shuvshfwlyh
rqo|1 E| vdfulflqj vrph ri wkh h{shfwhg ehqhwv iurp dq lqiruphg ghflvlrq ri klv djhqw/
kh lqgxfhv d kljkhu hruw fkrlfh ri klp1 Wklv uhvxowv uhhfwv wkh dqdorjxh wr wkh uhvxow lq
Djklrq dqg Wluroh +4<<:,= wkh sulqflsdo wudghv r lqfuhdvlqj wkh djhqw*v lqlwldwlyh yhuvxv
orvlqj frqwuro1
Frqvlghu d udqjh ri  vxfk wkdw  @ 3 lv rswlpdo lq wklv udqjh1 Wkhq/ djhqwv zkrvh lqwhuhvwv
duh forvhu doljqhg zlwk wkrvh ri wkh sulqflsdo jhw pruh iuhhgrp1 Wklv uhvxow klqjhv fuxfldoo|
rq wkh dvvxpswlrq ri lghqwlfdo pdujlqdov1 Li wkh sulru phdqv ri sulqflsdo dqg djhqw glhu/
djhqwv zlwk kljkhu  qhhg qrw eh ehwwhu iru wkh sulqflsdo qru qhhg wkh| eh jlyhq d odujhu
ghjuhh ri iuhhgrp1
Qrwh krzhyhu wkdw wkh uhvxow wkdw d sulqflsdo fdq lqgxfh kljkhu hruw e| surklelwlqj wkh
djhqw iurp wdnlqj lqwhuphgldwh fkrlfhv 0 l1h1 e| iruelgglqj wkh djhqw*v prvw suhihuuhg
dowhuqdwlyh zkhq ljqrudqw 0 dssolhv lq wklv fdvh wrr1 Qrwh dovr wkdw wkh frvw ri xvlqj vxfk
dq lqfhqwlyh ghylfh ghfuhdvhv dv wkh sulru phdqv pryh dsduw1 Lq frqwudvw wr wkh suhvhqw
vlwxdwlrq wkh sulqflsdo grhv qrw sxqlvk klpvhoi h{ srvw zkhq kh pdnhv wkh ljqrudqw olih iru
klv djhqw xqsohdvdqw1 Dsduw iurp wkhvh frqvlghudwlrqv lw vkrxog eh srvvleoh wr holplqdwh
glhuhqfhv lq rslqlrqv h{ dqwh wurxjk vrph nlqg ri vfuhhqlqj surfhgxuh1
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Sursrvlwlrq 514 kdv ehhq vwdwhg zlwkrxw surylglqj wkh lghd ehklqg wkh uhvxow/ ehfdxvh wkh
dqdo|vlv ri wkh sdvw wzr vhfwlrqv zdv qhhghg wr vkdsh wkh lqwxlwlrq iru wkh uhvxow1 Wkh
frqwudfw "cb lv rswlpdo li dqg rqo| li lw fdq qhyhu eh rswlpdo wr surklelw wkh djhqw iurp
fkrrvlqj dfwlrqv lq lqwhuydov ri wkh w|sh +.   w> .  . w, zlwk   w A 3= Wklv lv krz
zh suryh sursrvlwlrq 4 irupdoo| lq wkh dsshqgl{1. Wklv uhvxow lpsolhv d qxpehu ri wklqjv=
lw lpsolhv wkdw wkh sulqflsdo fdqqrw lpsuryh xsrq wkh frqwudfw "cb e| surklelwlqj wkh
djhqw iurp fkrrvlqj dfwlrqv wkdw duh doorzhg xqghu frqwudfw "cb= Lw dovr lpsolhv wkdw wkh
sulqflsdo grhv qrw zdqw wr doorz fkrlfhv lq wkh lqwhulru ri dq lqwhuydo wkdw kh kdv iruelgghq
zlwk "cb=
H Frpelqhg zlwk wkh idfw wkdw wkh erxqgdulhv ri wkh lqwhuydo frqwuro dqg wkh
lqwhuydo surklelwlrq zhuh douhdg| fkrvhq rswlpdoo|/ wkhvh dujxphqwv lpso| wkdw "cb zloo
eh wkh rswlpdo frqwudfw/ zkhq wkh sulqflsdo fdq fkrrvh wr iruelg dq| froohfwlrq ri rshq
vhwv1
Wkh iroorzlqj lqwxlwlrq xqghuolhv wkh uhvxow= surklelwlqj wkh djhqw iurp fkrrvlqj dfwlrqv lq
dq lqwhuydo +.w> ..w, pxvw ghfuhdvh wkh djhqw*v lqfhqwlyhv iru lqirupdwlrq dftxlvl0
wlrq1 Lw grhv qrw lqwhuihuh zlwk wkh djhqw*v fkrlfh xqghu ljqrudqfh exw olplwv klv glvfuhwlrq
lq fdvh kh lv lqiruphg1 Wkxv/ wkh djhqw*v pdujlqdo ydoxh ri lqirupdwlrq pxvw ghfuhdvh/
vwllqj klv lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq1 D vxflhqw frqglwlrq wkdw hhfwlyho|
uxohv rxw | =@ grp i#q+.  w> . . w, dv sduw ri dq rswlpdo frqwudfw lv wkhq wkdw
wkh sulqflsdo*v h{shfwhg sd|r iurp ghflvlrqv ri dq lqiruphg djhqw xqghu frqwudfw |/
H|> lv zhdno| ghfuhdvlqj lq w= Lq fdvh lqwhuhvwv duh shuihfwo| doljqhg wklv lv wulyldoo| wuxh1
Lq fdvh lqwhuhvwv duh frqlfwlqj lw uhtxluhv wkdw wkh yduldqfh ri wkh glvwulexwlrq eh odujh
hqrxjk1 Lqwxlwlyho|/ lw fdq qhyhu eh rswlpdo wr ohdyh wkh djhqw wkh srvvlelolw| ri uhdfwlqj
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lq wkh zurqj gluhfwlrq1
Frqvhtxhqwo|/ li lw lv rswlpdo wr h{foxgh vrph vshflf dowhuqdwlyhv eh|rqg d fhuwdlq wkuhvk0
rog . > wkhq lw pxvw eh rswlpdo wr h{foxgh doo dowhuqdwlyhv eh|rqg wkh wkuhvkrog1 Ixu0
wkhupruh/ li wkh sulqflsdo fkrrvhv wr holflw pruh hruw iurp wkh djhqw wkdq hrKs > wkhuh lv qr
ehwwhu zd| wr dfklhyh wklv jrdo wkdq wkurxjk wkh frqwudfw "W 1 Lqwxlwlyho|/ wkh sulqflsdo
zdqwv wr lqfuhdvh wkh djhqw*v hruw vxsso| dw wkh orzhvw srvvleoh frvwv1 Li dq dowhuqdwlyh
lv doorzhg/ wkdw lv forvhu wr wkh phdq wkdq  . W> wklv dowhuqdwlyh zloo eh fkrvhq zkhq
wkh djhqw lv ljqrudqw1 Ohw wklv dowhuqdwlyh eh . @= Exw wkhq surklelwlqj wkh djhqw iurp
fkrrvlqj dfwlrqv lq wkh lqwhuydo + . @>  . W, erwk ghfuhdvhv wkh djhqw*v hruw vxsso|
dqg wkh sulqflsdo*v h{shfwhg sd|r h{ srvw1 Khqfh wklv fdqqrw eh rswlpdo1
2D2 L?i|@h) UL?|h@U|t
Vr idu zh kdyh qrw doorzhg iru prqhwdu| frqwudfwv1 Frqvhtxhqwo| zh fdqqrw eh vxuh
zkhwkhu wkh uhvxowv duh duwlidfwv ri rxu irfxv rq qrqprqhwdu| frqwudfwlqj vfkhphv1 Zh
qrz vkrz wkdw wklv lv qrw wkh fdvh1 Ri sduwlfxodu lqwhuhvw +lq rxu ylhz, lv wkh urexvwqhvv ri
wkh uhvxow wkdw wkh sulqflsdo qgv lw rswlpdo wr lqwhuihuh zlwk wkh djhqw*v fkrlfhv hyhq zkhq
wkhuh duh qr frqlfwv ri lqwhuhvwv1 Wkhuhiruh zh vkdoo uhlpsrvh Dvvxpswlrq 514= lqwhuhvwv
duh shuihfwo| doljqhg1
Ohw wkh djhqw dqg wkh sulqflsdo hdfk kdyh xwlolw| ixqfwlrqv wkdw duh dgglwlyh vhsdudeoh lq
qdqfldo lqfrph dqg sulydwh ehqhwv1 Wkh sulqflsdo lv ulvn qhxwudo zlwk uhvshfw wr lqfrph
vkrfnv1 Wkh djhqw*v xwlolw| ixqfwlrq lv qrz
X+{> , . Y ++=,,
zkhuh  vwdqgv iru wkh wudqvihu iurp wkh sulqflsdo wr wkh djhqw1
Revhuydelolw| dqg Yhuldelolw|= devhqw prqhwdu| sd|phqwv d frqwudfw zdv vlpso| d
uhvwulfwlrq rq wkh djhqw*v dfwlrq vsdfh1 Ri frxuvh wklv suhvxphv wkdw wkh djhqw*v dfwlrq
lv yhuldeoh1 Lq wkh iroorzlqj zh pdlqwdlq/ iru uhdvrqv ri frqvlvwhqf| zlwk wkh suhylrxv
dqdo|vlv/ wkh vdph dvvxpswlrqv derxw revhuydelolw| dqg yhuldelolw| dv ehiruh= wkh dfwlrq
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{ lv revhuydeoh dqg yhuldeoh1 Lq frqwudvw/ wkh wuxh uhdol}dwlrqv ri wkh xqghuo|lqj udqgrp
yduldeoh duh qhlwkhu revhuydeoh qru yhuldeoh wr wkh sulqflsdo1 Pruhryhu/ kh fdq qhlwkhu
revhuyh qru yhuli| zkhwkhu wkh djhqw kdv ohduqhg wkh uhdol}dwlrq ri  dw doo1
Wkh srvvlelolw| ri prqhwdu| frqwudfwlqj rshqv ydulrxv srvvlelolwlhv ghshqglqj rq zkdw wkh
frqwudfw fdq frqglwlrq rq1 Lq sduwlfxodu rqh kdv wr glvwlqjxlvk wzr vlwxdwlrqv ghshqglqj
rq zkhwkhu wkh frqwudfw fdq frqglwlrq rq sd|rv ru qrw1 Zh frqvlghu wkhvh fdvhv lq wxuq1
Frqwudfwleoh Sd|rv
Li sd|rv duh frqwudfwleoh dqg wkh djhqw lv ulvn qhxwudo lw lv hdv| wr vhh wkdw uvw ehvw fdq
eh lpsohphqwhg1 Lq wklv fdvh rqh kdv Y +,  +{> ,1 Wkh sulqflsdo fdq lpsohphqw uvw
ehvw zlwk wkh frqwudfw +{> , @ 32 +{ ,
2 dqg e| jlylqj wkh djhqw ixoo iuhhgrp ri dfwlrq
wr wdnh dq| ghflvlrq { wkdw kh qgv rswlpdo1 Wkh uhvxowlqj fkrlfhv zloo eh { @  li wkh
djhqw lv lqiruphg dqg { @  li kh lv qrw1 Wkh djhqw*v hruw fkrlfh vdwlvhv j+h, @ n2 
2=
Khqfh/ uvw ehvw lv lpsohphqwhg1 Wklv fruuhvsrqgv wr wkh zhoo nqrzq vroxwlrq ri vhoolqj
wkh vwruh wr wkh djhqw1
Lw lv dovr zhoo nqrzq wkdw wkh uvw ehvw fdq lq jhqhudo qrw eh dwwdlqhg li wkh djhqw lv ulvn
dyhuvh ru2dqg li wkh djhqw idfhv olplwhg oldelolw| frqvwudlqwv1 Vlqfh wkhvh lvvxhv duh zhoo
nqrzq e| qrz zh vkdoo qrw sxuvxh wkhp khuh dq| ixuwkhu exw udwkhu wxuq wr wkh fdvh ri
qrqfrqwudfwleoh sd|rv1 Khqfh zh dvvxph=
Dvvxpswlrq 517= wkh djhqw lv ulvn qhxwudo zlwk uhvshfw wr lqfrph vkrfnv/ Y +,   dqg
kdv xqolplwhg zhdowk1
Qrqfrqwudfwleoh Sd|rv
Frqwudfwv dqg wkh Uhyhodwlrq Sulqflsoh1 Lq fdvh sd|rv duh qrw frqwudfwleoh wkh qdo
rxwfrph zloo ghshqg rq krz wkh frqwudfw dhfwv wkh djhqw*v fkrlfh ri zkdw ydoxh ri  wr
dqqrxqfh wr wkh sulqflsdo +xqghu d gluhfw phfkdqlvp, ru htxlydohqwo| zkdw sdlu ri {>  wr
%fkrrvh% zkhq wkh wuxh ydoxh ri wkh lqirupdwlrq yduldeoh lv = E| wkh uhyhodwlrq sulqflsoh
zh fdq wklqn ri d frqwudfw dv vshfli|lqj d gluhfw/ lqfhqwlyh frpsdwleoh phfkdqlvp1 Vxfk
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d phfkdqlvp suhvfulehv +l, dq hruw ohyho h/ +ll, dq dfwlrq { dqg d wudqvihu sd|phqw 
iru wkh fdvh zkhuh wkh djhqw lv ljqrudqw/ dqg +lll, dqg iru hdfk uhdol}dwlrq ri wkh udqgrp
yduldeoh  dq dfwlrq {+, dqg d wudqvihu sd|phqw +, iru wkh fdvh zkhuh wkh djhqw kdv
ohduqhg wkh uhdol}dwlrq ri  dqg dqqrxqfhv d vshflf = Vxfk d phfkdqlvp lv lqfhqwlyh
frpsdwleoh frqfhuqlqj surmhfw fkrlfhv li +d, wkh djhqw suhihuv wr uhyhdo klv ljqrudqfh udwkhu
wkdq dqqrxqfh dq| rwkhu vshflf ydoxh ri wkh lqirupdwlrq yduldeoh  lq fdvh kh lv ljqrudqw/
+e, wkh djhqw suhihuv wr dqqrxqfh wkh wuxh uhdol}dwlrq ri  lq fdvh kh nqrzv lw/ udwkhu
wkdq fodlp wr eh ljqrudqw/ dqg +f, wkh djhqw suhihuv wr dqqrxqfh wkh wuxh uhdol}dwlrq/ >
udwkhu wkdq dq| rwkhu ydoxh ri wkh lqirupdwlrq yduldeoh/ a= Wkh phfkdqlvp lv lqfhqwlyh
frpsdwleoh zlwk uhvshfw wr wkh djhqw*v hruw fkrlfh li wkh pdujlqdo ydoxh ri lqirupdwlrq
wr wkh djhqw mxvw fryhuv wkh djhqw*v pdujlqdo frvw ri hruw1 Ilqdoo|/ wkh phfkdqlvp lv h{
dqwh lqglylgxdoo| udwlrqdo li wkh djhqw*v h{shfwhg xwlolw| lv dw ohdvw dv kljk dv klv frvw ri
hruw1b
Wkh vroxwlrq wr wklv sureohp lv vrphzkdw ohvv wkdq vwudljkwiruzdug1 Wkh sureohp grhv qrw
w lqwr wkh vwdqgdug iudphzrun xvxdoo| vwxglhg lq phfkdqlvp ghvljq wkhru| ehfdxvh ri wkh
frqvwudlqwv +d,/ +e, dqg wkh idfw wkdw wkh djhqw*v hruw fkrlfh lv hqgrjhqrxv dqg pxvw eh
jxdudqwhhg wr eh lqfhqwlyh frpsdwleoh12f Krzhyhu/ zh fdq vroyh wkh sureohp qhyhuwkhohvv1
Pruhryhu/ dv lq wkh suhylrxv dqdo|vlv/ wkh lqwhuhvwlqj txhvwlrqv dqg wudgh0rv lqyroyhg fdq
eh vwxglhg zlwkrxw ghwhuplqlqj wkh suhflvh ohyho ri wkh vhfrqg ehvw rswlpdo hruw fkrlfh
ehlqj lpsohphqwhg1 Pruh suhflvho|/ zh udlvh wkh iroorzlqj vhtxhqfh ri txhvwlrqv= +l, xqghu
zkdw frqglwlrq grhv wkh sulqflsdo qrw frqwhqg klpvhoi zlwk wkh hruw ohyho wkdw wkh djhqw
lv zloolqj wr vxsso| yroxqwdulo| e| mxvw judqwlqj klp ixoo iuhhgrp ri fkrlfhB +ll, Vxssrvh
wkhq wkdw wkh sulqflsdo grhv zdqw wr irvwhu wkh djhqw*v hruw fkrlfh eh|rqg wkh ohyho ri
wkh djhqw*v yroxqwdu| vxsso|1 Zkdw lv wkh fkhdshvw/ lqfhqwlyh frpsdwleoh zd| wr lqfuhdvh
wkh djhqw*v hruw vxsso| wr wkh ghvluhg ohyhoB
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Vlqfh wkh sureohp lv v|pphwulf wkh vroxwlrq lv fkdudfwhul}hg iru wkh xsshu kdoi ri wkh
vxssruw rqo|1 Ohwwlqj  ghqrwh wkh Odjudqjh pxowlsolhu dwwdfkhg wr wkh lqfhqwlyh frpsdwl0
elolw| frqvwudlqw rq hruw fkrlfh/ zh suryh lq dsshqgl{ E wkdw wkh rswlpdo phfkdqlvp kdv
wkh iroorzlqj ihdwxuhv=
Sursrvlwlrq 518 Li hrKs .
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+4D, A 4 lw lv qrw rswlpdo wr lpsohphqw wkh vdph
surmhfw fkrlfhv dv lq wkh uvw ehvw vlwxdwlrq1 Dq rswlpdo frqwudfw vdwlvhv
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Iljxuh 515 jlyhv d judsklfdo looxvwudwlrq ri wkh pdlq surshuwlhv ri wkh frqwudfw1
{+,
 
Iljxuh 515
Wkh gdvkhg olqh lq wkh jxuh fruuhvsrqgv wr wkh 78 olqh dqg uhsuhvhqwv uvw ehvw rswl0
pdo surmhfw fkrlfhv1 Wkh vrolg fxuyh uhsuhvhqwv wkh vhfrqg ehvw rswlpdoo| lpsohphqwhg
ghflvlrqv dqg lv gudzq dvvxplqj dq lqfuhdvlqj kd}dug udwh1
Wkh uhdvrq zk| lw lv qrw rswlpdo wr lpsohphqw { @  lv wkh vdph dv lq sursrvlwlrq 5151
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Wkh djhqw vxssolhv wrr olwwoh hruw iurp d vrfldo shuvshfwlyh li uvw ehvw rswlpdo surmhfw
fkrlfhv duh lpsohphqwhg1 Lq rughu wr lqfuhdvh wkh djhqw*v hruw fkrlfh/ wkh sulqflsdo
uhzdugv wkh djhqw*v nqrzohgjh/ ru htxlydohqwo|/ sxqlvkhv wkh djhqw*v ljqrudqfh1 Wklv/ lq
wxuq/ fdqqrw eh grqh zlwkrxw d ghsduwxuh iurp uvw ehvw surmhfw fkrlfhv= dv ehiruh wkh
djhqw*v lqfhqwlyh wr ehfrph lqiruphg lv ghwhuplqhg e| wkh pdujlqdo ydoxh ri lqirupdwlrq
wr klp1 Wklv frqvlvwv ri +l, wkh dyrlghg glvxwlolw| ri ulvn/ j
2
2 > dqg +ll, wkh h{shfwhg h{fhvv
uhqw ri dq lqiruphg dv rssrvhg wr dq ljqrudqw djhqw xqghu wkh frqwudfw1 Wkh vhfrqg whup
fdq eh xqghuvwrrg e| dq lqvshfwlrq ri wkh jxuh1 Dq lqiruphg djhqw*v lqgluhfw xwlolw|
lv wkh kljkhu wkh vpdoohu wkh glhuhqfh ehwzhhq wkh lpsohphqwhg ghflvlrq dqg wkh uvw
ehvw ghflvlrq1 Wkh h{shfwhg lqgluhfw xwlolw| ri dq djhqw wkdw kh h{shfwv wr uhfhlyh xqghu
wkh frqwudfw zkhq kh hqgv xs ehlqj lqiruphg lv wkhuhiruh sursruwlrqdo wr d zhljkwhg
dyhudjh ri wkhvh ghyldwlrqv iurp uvw ehvw surmhfw fkrlfhv1 Khqfh/ wkh h{shfwhg uhqw ri
dq lqiruphg djhqw lv sursruwlrqdo wr wkh duhd ehwzhhq wkh vrolg dqg wkh gdvkhg fxuyh1
Exw li uvw ehvw fkrlfhv duh lpsohphqwhg/ wkh vrolg dqg wkh gdvkhg fxuyh frlqflgh dqg wkh
djhqw*v lqfhqwlyh wr ehfrph lqiruphg lv h{dfwo| j
2
2 = D vxflhqw frqglwlrq vxfk wkdw wklv
fdqqrw eh rswlpdo lv wkdw j
2
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+4D, A 4  hrKs = Hvvhqwldoo| wkh vdph dujxphqw dv
lq sursrvlwlrq 515 xqghuolhv wklv frpsdulvrq +iru ghwdlov vhh dsshqgl{ E,1 Surklelwlqj wkh
djhqw iurp fkrrvlqj wkh rswlpdo ghflvlrq { lv edg li kh lv qrw lqiruphg/ zklfk kdsshqv
zlwk suredelolw| 4 hrKs = Wklv pxvw eh frpsduhg zlwk wkh pdujlqdoo| dyrlghg ulvn/ l1h1 wkh
lqfuhdvh lq wkh djhqw*v hruw vxsso| wlphv wkh sulqflsdo*v glvxwlolw| ri ulvn/ j
2
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wkh frpshqvdwlrq iru wkh djhqw*v lqfuhdvhg hruw frvw/ D  j
2
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Wkh glhuhqfh ehwzhhq wkh suhvhqw dqg wkh suhfhglqj dqdo|vlv lv wkdw wkh suhvhqfh ri prq0
hwdu| frqwudfwv frpelqhg zlwk wkh xqerxqghgqhvv ri wkh djhqw*v xwlolw| ixqfwlrq lpsolhv
wkdw klv lqglylgxdo udwlrqdolw| frqvwudlqw lv elqglqj dw wkh rswlpxp1 Wklv vkrzv lq sduwlf0
xodu wkdw wkh hvvhqfh ri wkh pdlq uhvxow grhv qrw ghshqg rq wkh devhqfh ri d txlw rswlrq
iru wkh djhqw1
Wxuqlqj wr wkh ghwdlov ri wkh frqwudfw= wkhuh lv qr zd| wr glvwlqjxlvk ehwzhhq wkh fdvh zkhuh
wkh djhqw fodlpv wr eh ljqrudqw dqg wkh fdvh zkhuh wkh djhqw nqrzv wkdw wkh uhdol}dwlrq
6:
ri  lv > ehfdxvh lq wkh iruphu fdvh klv ehvw jxhvv ri  lv  dv zhoo1 Wkhuhiruh wkh vdph
ghflvlrq kdv wr eh lpsohphqwhg iru erwk fdvhv/ khqfh wkh frqvwudlqw { @ {+,=
Y%
Y#  3 lv
wkh vwdqgdug frqglwlrq/ vwdwlqj wkdw rqo| prqrwrqh ghflvlrq vfkhgxohv duh lpsohphqwdeoh1
Iru sxuho| vxjjhvwlyh uhdvrqv zh kdyh gudzq wkh vrolg fxuyh dvvxplqj dq lqfuhdvlqj kd}dug
udwh2/ vdwlvi|lqj olp#<"
s#
38#
@4= Lq wklv fdvh glvwruwlrqv duh juhdwhvw durxqg wkh phdq
dqg ghfuhdvh vwhdglo| wkh pruh rqh pryhv rxwzdugv1 Dw wkh wdlov ri wkh glvwulexwlrq/
lpsohphqwhg ghflvlrqv frlqflgh dssur{lpdwho| zlwk wkh uvw ehvw rswlpdo ghflvlrqv1 Wklv/
krzhyhu/ ghshqgv rq wkh glvwulexwlrq I dqg lv qrw d jhqhudo surshuw| ri wkh rswlpdo
frqwudfw1 Vrph/ lq rxu ylhz/ lqwhuhvwlqj ihdwxuhv ri wkh rswlpdo frqwudfw duh lqghshqghqw
ri wkh vshflf glvwulexwlrqdo dvvxpswlrqv1 Wkh prvw lqwhuhvwlqj ri zklfk kdv ehhq glvfxvvhg
dw ohqjwk douhdg|= wkh frqwudfw grhv qrw lpsohphqw uvw ehvw rswlpdo surmhfw ghflvlrqv hyhq
wkrxjk wkhuh duh qr frqlfwv ri lqwhuhvw1 Lq sduwlfxodu/ vrph surmhfwv zlwklq dq lqwhuydo
durxqg wkh phdq zloo qhyhu eh lpsohphqwhg dqg wkh djhqw lv djdlq irufhg wr wdnh d fohdu
fkrlfh lq hlwkhu rqh gluhfwlrq1 Vhfrqg/ dqg dovr luuhvshfwlyh ri wkh vshflf glvwulexwlrq I =
wkh sulqflsdo dozd|v zdqwv wr vsuhdg doo glvwruwlrqv ryhu wkh zkroh vxssruw ri = Khqfh zh
frqfoxgh=
Zkhwkhu prqhwdu| frqwudfwv duh dgplwwhg ru qrw/ lw pd| sd| iru wkh sulqflsdo wr ghpdqg
d fohdu vwdwhphqw iurp wkh djhqw hyhq li wkh odwwhu grhv qrw qhfhvvdulo| kdyh d fohdu dqvzhu
rq klv plqg1
Zh hqg zlwk d whfkqlfdo uhpdun rq wkh uhodwlrq ri wkh prgho suhvhqwhg lq wklv odvw vhfwlrq
wr wkh olwhudwxuh rq rswlpdo phfkdqlvp ghvljq1 Wkh ghyhorsphqw ri rxu vroxwlrq frqfhsw
kdv exlow rq Ohzlv dqg Vdsslqjwrq +4<<6e, dqg Fuhphu/ Nkdolo dqg Urfkhw +4<<;d,1 Erwk
sdshuv vwxg| prglhg yhuvlrqv ri wkh surfxuhphqw sureohp ruljlqdoo| gxh wr Edurq dqg
P|huvrq1 Lq Ohzlv dqg Vdsslqjwrq wkh dgyhuvh vhohfwlrq sureohp lv frpsolfdwhg e| wkh
srvvlelolw| ri ljqrudqfh e| wkh djhqw1 Krzhyhu/ wkh| gr qrw doorz iru hqgrjhqhlw| ri lqiru0
pdwlrq dftxlvlwlrq1 Khqfh wkh suredelolw| ri ljqrudqfh lv h{rjhqrxv lq wklv prgho1 Fuhphu
hw1do doorz iru wkh hqgrjhqhlw| ri wkh lqirupdwlrq vwuxfwxuh exw zrun zlwk d ohduqlqj whfk0
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qrorj| holplqdwlqj/ lq htxloleulxp/ doo xqfhuwdlqw| derxw wkh djhqw ehlqj ljqrudqw ru qrw1
Lq wkh suhvhqw dqdo|vlv wkh dgyhuvh vhohfwlrq sureohp lv frpsolfdwhg e| wkh vlpxowdqhrxv
suhvhqfh ri erwk sureohpv= hqgrjhqhlw| ri lqirupdwlrq vwuxfwxuh dv zhoo dv wkh srvvlelolw|
wkdw wkh djhqw lv dv ljqrudqw dv wkh sulqflsdo klpvhoi1
2S L?U*tL?
Wkh sulqflsdo xvhv wzr w|shv ri lqvwuxphqwv wr frqwuro wkh djhqw*v ehkdylru1 Djhqwv zklfk
duh nqrzq wr kdyh lqwhuhvwv yhu| pxfk rxw ri olqh zlwk wkrvh ri wkh sulqflsdo kdyh wr eh
frqwuroohg zlwk lqvwuxphqwv uhvwulfwlqj wkhlu plvehkdylru1 Wkhlu fkrlfh vhw zloo eh d qduurz
vhw durxqg wkh rswlpdo fkrlfh xqghu ljqrudqfh1 Reylrxvo| wkrvh djhqwv zloo dovr gholyhu
olwwoh hruw/ ehfdxvh wkh| zloo kdugo| eh deoh wr xvh wkhlu lpsuryhg nqrzohgjh lq wkhlu rzq
ehvw lqwhuhvw1 Djhqwv zlwk lqwhuhvwv zklfk sdudooho wkrvh ri wkh Sulqflsdo pd| eh vxemhfw
wr dqrwkhu nlqg ri uhvwulfwlrq rq wkhlu fkrlfh vhw1 Vlqfh wkh sulqflsdo ehqhwv yhu| pxfk
iurp wkhlu lqfuhdvhg hruwv kh frxog wu| wr pdnh olih xqsohdvdqw iru wkhp li wkh| kdyh wr
ghflgh xqghu ljqrudqfh1 Vxfk dq hruw hqkdqflqj surklelwlrq pxvw wkhuhiruh iruelg wkh
fkrlfh zklfk lv rswlpdo xqghu ljqrudqfh1 Wkh vxusulvlqj wklqj lv wkdw d sulqflsdo pljkw
qg lw rswlpdo wr xvh vxfk lqvwuxphqwv hyhq li wkh djhqw lv d shuihfw forqh ri klpvhoi1
Wkh erwwrp olqh ri rxu dujxphqw lv wkdw fxuwdlolqj wkh glvfuhwlrq ru olplwlqj wkh dxwkrulw|
ri djhqwv pd| kdyh dv idyrudeoh lqfhqwlyh hhfwv dv lqfuhdvlqj wkhlu glvfuhwlrq ru jlylqj
wkhp pruh dxwkrulw|1 Pruhryhu/ wkh lpsdfw ri vxfk uxohv rq wkh h{shfwhg sd|r ri wkh
sulqflsdo pd| eh srvlwlyh1 Zkloh Djklrq dqg Wluroh +4<<:, kdyh irxqg wkdw ghohjdwlqj
dxwkrulw| 0wkxv lqfuhdvlqj glvfuhwlrq0 pd| eh d jrrg wklqj/ hyhq li wkhuh duh frqlfwlqj
lqwhuhvwv/ wkh suhvhqw sdshu srlqwv dw wkh pluuru lpdjh ri wklv uhvxow= fxuwdlolqj glvfuhwlrq
pljkw eh d jrrg wklqj hyhq li wkhuh duh qr frqlfwv ri lqwhuhvwv1 Dv d frqvhtxhqfh/ wkhuh
qhhg qrw eh d prqrwrqlf uhodwlrqvkls ehwzhhq wkh vhyhulw| ri wkh frqlfw ri lqwhuhvw dqg
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Zh pxvw vkrz wkdw wkh whup lqvlgh wkh eudfnhwv lv qrqqhjdwlyh1 Li  lv htxdo wr 4> wkh whup
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Wklv whup zloo eh srvlwlyh li  lv odujh hqrxjk= + . w, +  w, @ 5w=
Krzhyhu +I>n  I>n3|,  +I>nn|  I>n, A 3 vlqfh dq lqwhuydo ri vl}h w frqwdlqv
pruh pdvv wkh orzhu wkh orfdwlrq ri wkh lqwhuydo1 Wkhuhiruh zh pxvw pdnh vxuh wkdw
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Revhuyh qrz wkdw wklv zloo dozd|v eh wuxh h{fhsw lq sdwkrorjlfdo fdvhv= Zh kdyh   
ehfdxvh d phdq lv d frqyh{ frpelqdwlrq1 5I"  4 ehfdxvh dw prvw kdoi ri wkh pdvv fdq
olh lq wkh xsshu kdoi ri wkh glvwulexwlrq1 Wkxv rqo| lq wkh fdvh zkhuh  @ 3 dqg  lv vhw
htxdo wr wkh xsshu erxqg ri wkh glvwulexwlrq hruw zloo qrw lqfuhdvh1 Revhuyh krzhyhu
wkdw  @ 3 phdqv wkdw wkh glvwulexwlrq kdv srlqw pdvv durxqg > l1h1 lv ghjhqhudwh rq =
Zh fdq wkxv vdiho| ljqruh wklv fdvh1
Surri ri Sursrvlwlrq 5151 +L, D frqwlqxrxv ixqfwlrq rq d frpsdfw grpdlq pxvw
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+LL, W @ 4 lv reylrxv iurp Ohppd 514=
Y.Z"cb
Yb
A 3 / Ye
Yb
A 3= Ohppd 516 ehorz zloo
hvwdeolvk wkdw
Y.Z
"cb
Yb
 3 iru doo   3 dqg wkdw olpb<"
Y.Z
"cb
Yb
@ olpb<"
Ye
Yb
@ 3= Vlqfh
olpb<"H+

"cb  

"cb, dqg olpb<" h duh erwk frqvwdqw/ wklv lpsolhv wkdw=
olp
b<"
^h
CH"cb
C
.
Ch
C
H+"cb  

"cb,‘ @ 3=
Wr suryh wkdw W pxvw eh qlwh/ revhuyh wkdw=
olp
"<"
H" @ olp
"<"
N 
] >n"
>
+.  ,2gI# @ 4
dqg olp"<"H

" @ olp"<"N+
j2n"2
2 , @ 4= Khqfh lqfuhdvlqj  zlwkrxw erxqgv fdqqrw
eh rswlpdo1 Wklv suryhv wkh fodlp1
+LLL, Iru wkh vdnh ri fodulw|/ zh uvw vwdwh doo ghulydwlyhv qhhghg iru wkh hydoxdwlrq ri
76
+5143,=
Ch
C
@
D ^ 5I" i j‘
j+h,
C2h
C2
@
D+4 5I",
j+h,

D2 ^ 5I" i j‘
2
j+h,
j+h,
j+h,2
C
C
H+"  

" , @ ^ 5I" i j‘
C2
C2
H+"  

" , @ 4 5I"
Wkh sulqflsdo vkrxog lqfuhdvh  +orfdoo|, dw dq| srlqw dv orqj dv
. h ^ 5I" i j‘ .
D ^ 5I" i j‘
j+h,
H+"  

" ,  3
Wr vhh zkhwkhu wkh sulqflsdo zdqwv wr vhw  A 3 dw doo/ zh uvw hydoxdwh wkh ghulydwlyh ri
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Wkh ohiw kdqg vlgh ri +514;, zdv ghqhg lq +5149, dv x= Reylrxvo| x+3, @ 3= dqg iru
W A 3> +514;, pxvw krog zlwk htxdolw| wrr1 Khqfh wkh rswlpxp lv dq lqwhuvhfwlrq ri x
zlwk wkh 78 ghjuhh olqh1 Pruhryhu/ iurp wkh vhfrqg rughu frqglwlrq/ wkh vorsh ri x dw
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li  @ 4= Wklv h{dpsoh vkrzv wkdw hyhu|wklqj zrunv zhoo/ l1h1 wkh surgxfw hH+"cb+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fdq dfklhyh rqo| rqh h{wuhpxp lq wkh uhohydqw udqjh xqghu txlwh plog dvvxpswlrqv derxw
hruw frvwv1
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Zh uvw vkrz wkdw lw fdq*w eh rswlpdo wr lpsohphqw uvw ehvw rswlpdo ghflvlrqv li hrKs .
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+4D, A 41 Wkhuhdiwhu zh vwxg| wkh surshuwlhv ri wkh rswlpdo frqwudfw dv gh0
vfulehg lq wkh wh{w1 Zh vhdufk iru wkh rswlpdo frqwudfw e| vroylqj iru wkh rswlpdo/ lqfhqwlyh
frpsdwleoh gluhfw uhyhodwlrq phfkdqlvp1 Wkxv wkh djhqw uhsruwv klv lqirupdwlrq dqg wkh
sulqflsdo lpsohphqwv d ghflvlrq frqwlqjhqw rq wklv lqirupdwlrq1 Phvvdjhv iurp wkh djhqw
wr wkh sulqflsdo wdnh wkh irup p 5 p^ vxss#= L1h1 wkh djhqw pd| uhsruw d vshflf uhdo0
l}dwlrq ri  ru wkdw kh glg qrw ohduq dq|wklqj +p,= Zlwk d voljkw dexvh ri qrwdwlrq zh
zloo khqfhiruwk zulwh > iru p= Wkh sulqflsdo wkhq lpsohphqwv iru hdfk  dq dfwlrq {+,
dqg d wudqvihu +, iru wkh fdvh zkhuh wkh djhqw lv lqiruphg dqg iru wkh fdvh zkhuh wkh
djhqw lv ljqrudqw dq dfwlrq sd|phqw sdlu {+>,> +>,=
Vwhs 4= Li hrKs .
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+4D, A 4> lpsohphqwlqj { @  fdqqrw eh sduw ri dq
rswlpdo srolf|1
Wkh surri wr wklv vwdwhphqw xvhv hvvhqwldoo| wkh vdph orjlf dv wkh surri wr sursrvlwlrq 5151
Dv d uvw vwhs/ qrwh wkdw xqghu dq| frqwudfw wkdw lpsohphqwv uvw ehvw surmhfw fkrlfhv/
wkh djhqw zloo vxsso| d ohyho ri hruw vdwlvi|lqj j+h, @ j
2
2 = Wr vhh wklv/ qrwh wkdw wkh
djhqw fkrrvhv klv uhsruw lq rughu wr
pd{
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Exw wkhq {+a, @  lpsolhv Y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@ 3= Lw lv dovr hdv| wr vhh wkdw wkh wudqvihu ixqfwlrq fdqqrw
kdyh dq| vwhsv/ ehfdxvh wklv zrxog ylrodwh wuxwkwhoolqj ryhu vrph udqjh1 Exw wkhq/ wkh
wudqvihu ixqfwlrq fdqqrw eh xvhg dw doo wr lqfuhdvh wkh djhqw*v hruw fkrlfh zkhq uvw ehvw
surmhfw fkrlfhv vkdoo eh lpsohphqwhg1
8:
Frqvlghu qh{w wkh iroorzlqj +vxerswlpdo, frqwudfw= li wkh djhqw uhsruwv  5 +  > ,
wkh sulqflsdo lpsohphqwv { @   = Li wkh uhsruw lv  5 ^>  . , ru > wkh sulqflsdo
lpsohphqwv { @  . = Iru dq| rwkhu uhsruw wkh sulqflsdo lpsohphqwv { @ = Wkh djhqw
uhfhlyhv d frqvwdqw zdjh   lqghshqghqw ri wkh uhsruw1 E| wkh dujxphqw deryh wkh djhqw
uhsruwv klv nqrzohgjh wuxwkixoo|1
Qh{w zh frpsduh wkh shuirupdqfh ri wkhvh wzr frqwudfwv1 Wkh vhfrqg frqwudfw lv fohduo|
vxerswlpdo ehfdxvh wkh sulqflsdo grhv qrw xvh doo klv frqwudfwlqj srvvlelolwlhv1 Exw wkh
orjlf hpsor|hg lv wklv= li zh fdq qg d vxerswlpdo frqwudfw wkdw grplqdwhv dq| frqwudfw
wkdw lpsohphqwv uvw ehvw rswlpdo surmhfw ghflvlrqv wkhq dq rswlpdo frqwudfw pxvw lqyroyh
d ghsduwxuh iurp uvw ehvw surmhfw ghflvlrqv1 Wklv lv douhdg| vxflhqw wr dujxh wkdw lw zloo
qrw eh rswlpdo iru wkh sulqflsdo wr lpsohphqw uvw ehvw surmhfw fkrlfhv hyhq li wkhuh duh
qr frqlfwv luuhvshfwlyh ri zkhwkhu wkh sulqflsdo fdq xvh prqhwdu| frqwudfwv ru qrw12S
Li wkh sulqflsdo vhwv  A 3> wkh djhqw*v hruw fkrlfh lqfuhdvhv e| ohppd 5141 Wr frpshqvdwh
wkh kljkhu hruw frvwv wkh zdjh pxvw eh lqfuhdvhg1 Dvvxph wkdw wkh sulqflsdo frpshqvdwhv
wkh hqwluh dgglwlrqdo hruw frvwv1 +E| sursrvlwlrq 515 hHX . +4 h,HX  zloo eh kljkhu li
 A 3 wkdq li  @ 3 vr wklv lv dfwxdoo| pruh wkdq qhfhvvdu|1, Vhwwlqj  A 3 zloo drug dq
lqfuhdvh lq wkh wudqvihu dffruglqj wr
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Wklv frqglwlrq qrz frpsduhv erwk gluhfw dqg lqgluhfw frvwv= zlwk d suredelolw| 4  h
wkh sulqflsdo mxvw vkrrwv klpvhoi lq wkh irrw e| vhwwlqj  A 3= Lq dgglwlrq kh qrz ehduv
dgglwlrqdo zdjh frvwv ri 
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Wkh rswlpdo fkrlfh ri frqwudfwv= vwdwhphqw ri wkh sureohp1
Zh frqvlghu wkh gluhfw phfkdqlvp lq zklfk wkh djhqw lv dvnhg wr uhyhdo klv w|sh dqg lv
jlyhq lqfhqwlyhv wr gr vr wuxwkixoo|1 Wkh sulqflsdo*v sureohp lv wr
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P=LF4 vwdwhv wkdw wkh djhqw suhihuv wr wuxwkixoo| uhyhdo klv ljqrudqfh/ P=LF5 uhtxluhv
wkdw wkh lqiruphg djhqw vkdoo suhihu wkh frqwudfw lqwhqghg iru klv w|sh ylv d ylv wkh frqwudfw
lqwhqghg iru wkh ljqrudqw djhqw1 P=LF6 uhtxluhv wkdw wkh djhqw wuxwkixoo| uhyhdov klv w|sh
jlyhq wkdw kh nqrzv lw1 Lq wkh vhfrqg vhw ri frqvwudlqwv +5=5;, vwdwhv wkdw wkh djhqw*v hruw
fkrlfh pxvw eh lqfhqwlyh frpsdwleoh zkloh wkh odvw frqvwudlqw hqvxuhv wkdw wkh djhqw lv
zloolqj wr sduwlflsdwh1 Qrwh wkdw zh uhtxluh lqglylgxdo udwlrqdolw| wr krog h{ dqwh rqo|1
Wkdw lv vrph w|shv pd| kdyh qhjdwlyh xwlolw| h{ srvw1
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Surri ri htxlydohqfh ri wkh sureohpv=
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Erwk lqhtxdolwlhv fdq rqo| krog vlpxowdqhrxvo| li +, @ = Exw wkhq zh pxvw dovr kdyh
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Iluvw wrwdoo| glhuhqwldwlqj +5163, zlwk uhvshfw wr > a dqg vhfrqg ghulylqj wkh djhqw*v
vhfrqg rughu frqglwlrq/ rqh frqfoxghv wkdw rqo| ghflvlrq uxohv vdwlvi|lqj Y%
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Qh{w zh fodlp wkdw wkh uhyhuvh uhdvrqlqj lv dovr wuxh1 Zh uvw holplqdwh wudqvihuv lq rughu
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wr zrun zlwk wkh lqgluhfw xwlolw| ixqfwlrq/ +x, dqg wkh ghflvlrq ixqfwlrq {+, rqo|1 +E|
v|pphwu| zh qhhg rqo| frqvlghu wkh xsshu kdoi ri wkh vxssruw ri =, Wkh djhqw zlwk wkh
orzhvw w|sh/ l1h1 wkh rqh zlwk wkh zruvw w|sh/ lv djhqw = E| wkh hqyhorsh wkhruhp dqg
lqfhqwlyh frpsdwlelolw|/ D +{+, , Y%Y# @
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frqvwudlqw { @ {+, lv uhvshfwhg/ P=LF4 dqg P=LF5 duh qrwklqj exw vshfldo fdvhv ri
P=LF61 Wklv frpsohwhv wkh dujxphqw1 Khqfh wkh sureohp fdq eh vlpsolhg lq wkdw
rqh gluhfwo| jlyhv lqgluhfw xwlolw| wr wkh djhqw dqg uhvshfwv/ lqvwhdg ri wkh frqvwudlqwv
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Frqfhuqlqj wkh prqrwrqlflw| frqvwudlqw/ zh iroorz wkh vwdqgdug surfhgxuh dqg vroyh wkh
sureohp lq wkh uvw lqvwdqfh ljqrulqj wkh frqvwudlqw dqg fkhfn diwhuzdugv zkhwkhu wkh vr
ghulyhg vroxwlrq vdwlvhv prqrwrqlflw|1 Frqvlghu wkhq +P=LU,= ehfdxvh wkh wudqvihu  lv
xqerxqghg ehorz/ x> fdq eh orzhuhg wloo wkh frqvwudlqw krogv zlwk htxdolw|1 Ohw & ghqrwh
wkh pxowlsolhu dwwdfkhg wr wklv frqvwudlqw1
Vroxwlrq sduw L= d frqvwudlqhg vxesureohp=
Dowkrxjk wkh sureohp kdv ehhq vlpsolhg d orw lw lv qrw |hw vwudljkwiruzdug wr vroyh lw1 Wkh
shfxoldulwlhv ri wkh sureohp duh uhhfwhg lq wkh frqvwudlqwv +Lf Ljqrudqfh, dqg +P=LFh,
dqg wkh idfw wkdw h lv d fkrlfh yduldeoh1 Exw dv orqj dv h dqg { duh khog frqvwdqw wkh
sureohp fruuhvsrqgv wr d vwdqgdug lvrshulphwulf sureohp dqg fdq eh vroyhg e| srlqwzlvh
pd{lpl}dwlrq whfkqltxhv1 Vr/ dv d uvw vwhs/ zh vlpso| wdnh dv jlyhq vrph ydoxh ri { dqg
h dqg vroyh wklv frqvwudlqhg sureohp1 Khqfh zh dvn lq wkh uvw vwhs= zkdw lv wkh fkhdshvw
zd| wr lpsohphqw d vshflf ohyho ri h/ vdwlvi|lqj j+h, A j
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2 > li wkh sulqflsdo lv frqvwudlqhg
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, zhuh qrw elqglqj wkh vroxwlrq zrxog eh wulyldo dqg jlyhq e| { @ = Zh ohw
+{> h, ghqrwh wkh pxowlsolhu dwwdfkhg wr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw1 Wklv 0 d
elw xqxvxdo qrwdwlrq 0 uhhfwv wkdw lq d frqvwudlqhg sureohp/  pxvw uhhfw wkh ohyho ri h
wkdw vkdoo eh lpsohphqwhg dqg wkh lpsrvhg frqvwudlqw rq {1 Wkh uhdvrq iru wklv zloo eh
h{sodlqhg ehorz1
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Frqvlghu +5166,1 D vlpsoh dujxphqw uhyhdov wkdw & @ 4 = wkh sulqflsdo fdq dozd|v xvh
qrqglvwruwlqj wudqvihuv wr vkliw durxqg xwlolw| ehwzhhq klp dqg wkh djhqw1 Wkhuhiruh rxu
vroxwlrq pxvw |lhog { 9@  li dqg rqo| li  A 3= Frqvhtxhqwo| rqh kdv & @ 4= E| wkh idfw
wkdw +, i{+, {j @ 3 wkh rswlpdo ghflvlrq vfkhgxoh lv jlyhq e|
pd{

{>  .
+{> h,
h
D
4 .D
4 I#
i#

=
98
Iljxuh 516 looxvwudwhv wklv frqwudfw=
{+,
 
Iljxuh 516
Wkh dw sduw lv gxh wr wkh uhtxluhg prqrwrqlflw| ri wkh frqwudfw dqg wkh lpsrvhg frqvwudlqw
rq {= Qrwh wkdw d vroxwlrq fdq rqo| h{lvw li { vdwlvhv {   .
wE%ce
e
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= Li {
lv vhw vxfk wkdw { ? .
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wkh frqvwudlqw lv lqfrqvlvwhqw zlwk lpsohphqwlqj
wkh hruw ohyho$ Qrwh dovr wkdw li { lv vhw yhu| odujh/ wkh frqvwudlqw zloo eh vodfn dqg  @ 3=
Wkh ghshqghqfh ri  rq { dqg h =
Y
Y%
+{> h,  3 zlwk vwulfw lqhtxdolw| li  A 3= Wr vhh wklv/ wdnh wkh elqglqj lqfhqwlyh
frpsdwlelolw| frqvwudlqw rq wkh djhqw*v hruw fkrlfh=
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Pdnlqj xvh ri wkh ghulyhg rswlpdo ghflvlrq vfkhgxoh wklv frqvwudlqw fdq eh h{suhvvhg dv
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zkhuh +{, lv ghqhg vxfk wkdw
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Dq lqfuhdvh lq { lqfuhdvhv wkh lqwhjudqg lq wkh uvw olqh1 Khqfh wr nhhs wkh wrwdo uhqw
frqvwdqw +ehfdxvh wkh ohyho ri h wkdw lv wr eh lpsohphqwhg lv khog frqvwdqw, wkh lqwhjudqg
lq wkh vhfrqg olqh pxvw ghfuhdvh1 Khqfh Y
Y%
+{> h,  3= +Wkh hhfwv rq wkh olplwv ri
lqwhjudwlrq reylrxvo| fdqfho rxw1, D jlyhq ohyho ri h fdq eh lpsohphqwhg lqwurgxflqj
uhodwlyho| odujh glvwruwlrqv durxqg wkh phdq dqg uhodwlyho| vpdoo glvwruwlrqv dw wkh wdlov ri
wkh glvwulexwlrq ru wkh rwkhu zd| urxqg1
Wkdw Y
Ye

w
e

 3 zlwk d vwulfw lqhtxdolw| li  A 3 iroorzv wulyldoo| iurp wkh elqglqj lqfhqwlyh
frqvwudlqw dqg wkh idfw wkdw j+h, A 3=
Vroxwlrq sduw LL= wkh rswlpdo {W =
Lqwhuhvwlqjo| hqrxjk/ dv zh qrz vkrz/ wkh sulqflsdo dozd|v zdqwv wr vprrwk rxw wkh
glvwruwlrqv dv pxfk dv srvvleoh/ ru lq rwkhu zrugv wr vhw
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Wr vhh wklv/ qrwh wkdw/ e| wkh idfw wkdw & @ 4> rqh fdq uhzulwh wkh sulqflsdo*v pd{lpl}dwlrq
sureohp dv
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Wkh sulqflsdo*v sureohp lv wr pd{lpl}h vrfldo vxusoxv vxemhfw wr wkh frqvwudlqw wkdw wkh
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djhqw*v hruw fkrlfh lv lqfhqwlyh frpsdwleoh1 Wdnlqj wkh uvw ghulydwlyh jlyhv
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Wkh hhfwv rq wkh olplw ri lqwhjudwlrq/ E%> kdyh ehhq rplwwhg/ vlqfh wkh| reylrxvo| fdqfho
rxw1 Pdnlqj xvh ri +5168, rqh kdv=
+4 .D,h+{+, , @ D
4 I#
i#
=
Wkhuhiruh wkh wklug dqg wkh iwk whup lq +5169, mxvw fdqfho rxw dv zhoo$ Exw wkhq/ vlqfh
+e| ghqlwlrq, iru doo  5 ^> E%‘ rqh kdv {  {+, dqg khqfh
D
4 I#
i#
 +4 .D,h+{+, ,=
Frqvhtxhqwo|/ wkh vhfrqg hhfw lq +5169, grplqdwhv wkh irxuwk1 Vlqfh wkh uvw hhfw lv
qhjdwlyh dq|zd|/ wklv hvwdeolvkhv wkdw wkh uvw ghulydwlyh ri +5167, lv qhjdwlyh iru dq|
ydoxh ri { A {+,= Wkhuhiruh/ wkh sulqflsdo fdqqrw jdlq dq|wklqj li kh %frqfhqwudwhv%
glvwruwlrqv durxqg wkh phdq1 Lqvwhdg kh vprrwkv rxw dv pxfk dv srvvleoh1 Frqvhtxhqwo|/
zh kdyh qdoo| hvwdeolvkhg wkdw wkh rswlpdo ghflvlrq vfkhgxoh vdwlvhv
{+, @  .
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h
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zklfk lv wkh h{suhvvlrq lq wkh wh{w1
Wkh qdo vwhs ri wkh rswlpl}dwlrq lqyroyhv vroylqj iru wkh rswlpdo ohyho ri h wkdw vkdoo
eh lpsohphqwhg1 Lw lv hdv| wr suryh wkdw d vroxwlrq h{lvwv1 Zh vkdoo qrw gr wklv khuh vlqfh
wkh wudgh0r lv txlwh fohdu= lpsohphqwlqj d kljkhu h frphv dw wkh frvw ri pruh glvwruwlrqv1
Wkh wudgh0rv lqyroyhg duh wkh vdph dv lq wkh pdlq wh{w1
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Wklv sdshu vwxglhv d sulqflsdo djhqw uhodwlrqvkls d od Edurq dqg P|huvrq +4<;5, zlwk
hqgrjhqrxv fkdudfwhulvwlfv dqg hqgrjhqrxv lqirupdwlrq dv|pphwulhv1 D ex|hu/ wkh sulq0
flsdo/ frqwudfwv zlwk d vxssolhu/ wkh djhqw/ wr rewdlq sduwv1 Lq wkh vhplqdo frqwulexwlrq ri
Edurq dqg P|huvrq +EP khqfhiruwk, wkh glvwulexwlrq ri fkdudfwhulvwlfv lv wdnhq dv jlyhq1
Lq frqwudvw/ wklv glvwulexwlrq lv hqgrjhqrxv lq wkh suhvhqw prgho dqg ghwhuplqhg e| d
surgxfwlyh sulru fkrlfh/ khqfhiruwk hruw/ ri wkh vxssolhu1 Wzr fdqrqlfdo h{dpsohv ri vxfk
d vshflfdwlrq duh suhvhqwhg1 Lq wkh uvw zh wklqn ri hruw dv d frvw uhgxflqj lqyhvw0
phqw1 Lq wkh vhfrqg zh wklqn ri hruw dv ohduqlqj1 Zh dvvxph wkdw qhlwkhu wkh hruw qru
wkh rxwfrph ri wkhvh surgxfwlyh sulru fkrlfhv duh revhuydeoh wr wkh ex|hu1 Frqvhtxhqwo|/
wkhuh lv prudo kd}dug lq wkh djhqw*v hruw ghflvlrq dqg dgyhuvh vhohfwlrq dw wkh wlph zkhq
frqwudfwv duh vljqhg1 Zh dvn krz rswlpdo frqwudfwv glhu iurp wkh EP vroxwlrq1
Zh vkrz wkdw vwdqgdug surshuwlhv olnh %qr glvwruwlrq dw wkh wrs% dqg %xqghusurgxfwlrq
ehorz wkh wrs% pd| qr orqjhu krog1 Wkh uhdvrq lv wkdw frqwudfwv lqyroyh lqihuhqfh derxw
xqrevhuyhg hruw dv zhoo dv xqrevhuyhg fkdudfwhulvwlfv1 Dq dqqrxqfhphqw ri yhu| orz
frvwv +dw wkh wrs, lv jrrg qhzv derxw wkh djhqw*v hruw1 Wr fuhdwh lqfhqwlyhv iru frvwo|
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hruw surylvlrq wkh sulqflsdo pd| zdqw wr lqfuhdvh surgxfwlrq ri yhu| hflhqw upv1 Lq
fdvhv zkhuh dw wkh wrs wkh lqihuhqfh derxw wkh djhqw*v hruw lv yhu| h{dfw zh vkrz wkdw
glvwruwlrqv dqg ryhusurgxfwlrq dulvh dw wkh wrs1
Ryhusurgxfwlrq dw wkh wrs fdq eh xqghuvwrrg dv d frvwo| lqfhqwlyh ghylfh1 Wkh sulqflsdo
frpplwv wr d ohyho ri surgxfwlrq ryhu dqg deryh wkh ohyho wkdw zrxog eh mxvwlhg h{ srvw1
Wkh ehqhw ri wklv frpplwphqw lv wr surylgh lqfhqwlyhv iru frvwo| hruw surylvlrq h{ dqwh1
Khqfh/ rxu dqdo|vlv fdq h{sodlq wkh hphujhqfh ri xqxvxdoo| kljk surgxfwlrq ohyhov iru wkh
prvw hflhqw vxssolhuv lq whupv ri suhpld iru xqrevhuyhg sulru lqyhvwphqwv1
Wkh pruh lqirupdwlyh phvvdjhv dw wkh wrs derxw xqrevhuyhg hruw wkh odujhu vxfk suhpld1
Lq wkh olplwlqj fdvh zkhuh wkh lqihuhqfh dw wkh wrs lv doprvw h{dfw glvwruwlrqv dw wkh wrs
jhw duelwudulo| odujh1 Dw wkh vdph wlph/ wkh sulqflsdo fdq doprvw %jhw ulg ri wkh lqfhqwlyh
sureohp%1 Wkdw lv/ klv h{shfwhg sd|r lv duelwudulo| forvh exw qhyhu dfwxdoo| htxdo wr wkh
sd|r wkdw kh frxog rewdlq zhuh wkh djhqw*v sulru hruw frqwudfwdeoh1 Sxw glhuhqwo|/ yhu|
vlpsoh frqwudfwv vrphwlphv shuirup yhu| zhoo1 Lqfhqwlyhv iru lqyhvwphqwv duh surylghg
wkurxjk vwdqgdug Edurq P|huvrq frqwudfwv soxv d uhzdug wr eh sdlg zkhq d plqlpxp
ohyho ri shuirupdqfh lv uhdfkhg1
Lq dq lqyhvwphqw vhwwlqj wkh sulqflsdo dozd|v ehqhwv iurp d pdujlqdo lqfuhdvh lq lq0
yhvwphqw> wkh djhqw h{huwv d srvlwlyh h{whuqdolw| rq wkh sulqflsdo1 Wkh uhdvrq lv wkdw wkh
sulqflsdo suhihuv wr wudgh zlwk pruh hflhqw w|shv h{ srvw dqg d kljkhu ohyho ri lqyhvwphqw
lqfuhdvhv wkh olnholkrrg ri pruh hflhqw w|shv1
Lq wkh ohduqlqj frqwh{w zh h{sodlq wkh hphujhqfh ri kljk srzhuhg lqfhqwlyh vfkhphv1 Pruh
suhflvho|/ lqfhqwlyhv iru frvwo| lqirupdwlrq dftxlvlwlrq duh surylghg wkurxjk surgxfwlrq
vfkhphv wkdw pdnh pruh xvh ri wkh djhqw*v lqirupdwlrq uhodwlyh wr wkh Edurq P|huvrq
frqwudfw1 Dv d frqvhtxhqfh/ phvvdjhv dw wkh wrs duh uhzdughg ryhu dqg deryh wkh EP0
txdqwlw| zkloh phvvdjhv dw wkh erwwrp duh sxqlvkhg zlwk orz ohyhov ri surgxfwlrq1 Dv lq
wkh lqyhvwphqw frqwh{w/ uhzdugv dw wkh wrs pd| eh vr odujh dv wr jhqhudwh glvwruwlrqv dw
wkh wrs dqg ryhusurgxfwlrq dw wkh wrs1
Lqwhuhvwlqjo|/ wkh lqfhqwlyh sureohp lv qrw dozd|v wr prwlydwh pruh lqirupdwlrq dftxlvlwlrq
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e| wkh djhqw1 Wkh h{whuqdolw| wkdw wkh djhqw h{huwv rq wkh sulqflsdo pd| dovr eh qhjdwlyh1
Zh vkrz wkdw wkh djhqw*v wkluvw iru nqrzohgjh lv h{fhvvlyh zkhq wkh sulqflsdo lv d txdvl
ulvn dyhuwhu zkloh wkh djhqw ohduqv wrr olwwoh zkhq wkh sulqflsdo lv d txdvl ulvn oryhu1 Li wkh
djhqw*v wkluvw iru nqrzohgjh lv h{fhvvlyh wkh sulqflsdo uhvsrqgv zlwk dq lqfhqwlyh vfkhph
wkdw pdnhv ohvv xvh ri wkh djhqw*v lqirupdwlrq wkdq wkh Edurq P|huvrq frqwudfw lq wkdw
surgxfwlrq lv htxdol}hg dfurvv w|shv1
Wklv lv reylrxvo| qrw wkh uvw sdshu wr frqvlghu wkh lqwhughshqghqfh ri sulru hruw lq0
fhqwlyhv dqg vxevhtxhqw lqirupdwlrq dqg lqirupdwlrq uhqwv1 Dv h{whqvlrqv ri Edurq dqg
P|huvrq +4<;5, +Odrqw dqg Wluroh +4<;9,/ uhvshfwlyho|, prvw forvho| uhodwhg duh Fuhphu
hw1do1 +4<<;d, dqg Ohzlv dqg Vdsslqjwrq +4<<:,1 Wkhvh sdshuv frqvlghu wkh lpsdfw ri
ohduqlqj rq rswlpdo frqwudfwlqj1 Krzhyhu/ wkh ohduqlqj whfkqrorjlhv frqvlghuhg duh vrph0
zkdw vshfldo dqg gr qrw doorz iru d jhqhudo wuhdwphqw ri glvwruwlrqv dw wkh wrs12 Ghpvn|
dqg Vdsslqjwrq +4<;9, dqg V}dod| +5333, frqvlghu wkh lpsolfdwlrqv ri surshu ohduqlqj lq0
fhqwlyhv iru glvwruwlrqv lq frqwudfwv zkhq wkhuh lv qr frqlfw ri lqwhuhvw h{ srvw ehwzhhq
sulqflsdo dqg djhqw1 Hyhq zlwkrxw frqlfwv h{ srvw wkh h{ dqwh lqfhqwlyh sureohp ri lq0
gxflqj wkh djhqw wr dftxluh lqirupdwlrq pd| vsloo ryhu lqwr wkh vroxwlrq wr wkh sureohp
h{ srvw1 Wkdw lv/ lq wkh frqwh{w ri wkh ghohjdwlrq sureohp lq V}dod| +5333, wkh djhqw
pd| rswlpdoo| eh irufhg wr ghsduw iurp h{ srvw rswlpdo fkrlfhv1 Wkh lghd lv wr irufh wkh
djhqw wr wdnh d fohdu vwdqfh lq rqh gluhfwlrq ru wkh rwkhu dqg wkhuhe| hqkdqfh lqfhqwlyhv
wr froohfw lqirupdwlrq1 Wkh suhvhqw dqdo|vlv glhuv e| doorzlqj iru frqlfwv ri lqwhuhvw dqg
irfxvvlqj dwwhqwlrq wr glvwruwlrqv dw wkh wrs1
Zlwk uhvshfw wr wkh lqyhvwphqw prgho wkh lghd wkdw vxevhtxhqw lqirupdwlrq uhqwv surylgh
lqfhqwlyhv iru sulydwh lqyhvwphqwv dsshduv lq Ohzlv dqg Vdsslqjwrq +4<<6d,1 Krzhyhu/
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wkh| gr qrw glvfxvv glvwruwlrqv dw wkh wrs1 Ilqdoo|/ wkh lqxhqfh ri lqirupdwlrq uhqwv
rq sulydwh lqyhvwphqwv lv dovr glvfxvvhg lq Urjhuvrq +4<<5, ru Jxo +5334,1 Wlplqj dqg
frpplwphqw vwuxfwxuhv duh krzhyhu txlwh glhuhqw iurp wkh vlwxdwlrq frqvlghuhg khuh1
Wkh sdshu surfhhgv dv iroorzv= vhfwlrq 615 lqwurgxfhv wkh prgho dqg ghvfulehv lqyhvw0
phqw dqg wkh ohduqlqj whfkqrorj|/ uhvshfwlyho|1 Vhfwlrq 616 frqwdlqv wkh pdlq sduw ri
wkh dqdo|vlv1 Vhfwlrqv 617 suhvhqwv rswlpdo frqwudfwv/ zkloh vhfwlrqv 618 dqg 619 glvfxvv
wkhlu surshuwlhv lq wkh frqwh{w ri lqyhvwphqwv dqg ohduqlqj/ uhvshfwlyho|1 Wkh qdo vhfwlrq
frqfoxghv1 Doo surriv duh uhohjdwhg wr wkh dsshqgl{1
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D sulqflsdo frqwudfwv zlwk dq djhqw iru wkh surgxfwlrq ri d jrrg1 Wkh jrrg lv shuihfwo|
glylvleoh vr rxwsxw fdq eh surgxfhg lq dq| txdqwlw|/ t= t lv shuihfwo| revhuydeoh dqg
frqwudfwdeoh1 Wkh djhqw uhfhlyhv d prqhwdu| wudqvihu w iurp wkh sulqflsdo1 Erwk sduwlhv
duh ulvn qhxwudo zlwk uhvshfw wr wudqvihuv1 Wkh sulqflsdo ghulyhv jurvv vxusoxv Y +t, iurp
frqvxpswlrq> zkhuh Y +, lv ghqhg rq ^3>4‘ zlwk Y^+, A 3> Y^^+, ? 3> olp^<f Y^+, @
4> olp^<" Y^+, @ 3= Wkxv wkh sulqflsdo*v qhw xwlolw| lv Y +t, w=
Wkh djhqw*v sd|r iurp uhfhlylqj wkh wudqvihu w dqg surgxflqj wkh dprxqw t lv jlyhq dv
wt=  lv wdnhq wr eh wkh uhdol}dwlrq ri d udqgrp yduldeoh = Iru wkh dqdo|vlv ri frqwudfwlqj
zh*uh dfwxdoo| ohvv lqwhuhvwhg lq  dqg  wkdq lq d udqgrp yduldeoh  zklfk ghqrwhv wkh
frqglwlrqdo h{shfwdwlrq wkdw wkh djhqw kdv derxw  zkhq kh ghflghv rq wkh frqwudfw rhu
wkdw wkh sulqflsdo kdv sursrvhg1 Wkh glvwulexwlrq ri  dqg lq vrph frqvwhoodwlrqv ri  dv
zhoo ghshqgv rq wkh djhqw*v sulru hruw h= Zh frqvlghu wkh iroorzlqj wlph vwuxfwxuh ri wkh
jdph=
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Iluvw/ wkh sulqflsdo rhuv d frqwudfw1 Wkhq wkh djhqw fkrrvhv dq hruw ohyho/ h> wkdw
ghwhuplqhv wkh glvwulexwlrq I +> , ri 1  lv uhdol}hg dqg revhuyhg e| wkh djhqw1 Jlyhq
wklv lqirupdwlrq kh ghflghv zkhwkhu wr vljq wkh frqwudfw1 Li wkh djhqw grhv qrw vljq d
frqwudfw wkh jdph hqgv1 Li frqwudfwv duh vljqhg surgxfwlrq dqg wudqvihuv wdnh sodfh1
Zh dvvxph wkdw wkh djhqw*v fkrlfh ri hruw lv qrw revhuydeoh wr wkh sulqflsdo dqg wkdw  lv
wkh djhqw*v sulydwh nqrzohgjh1 Hruw lv dvvxphg wr lqyroyh d frvw j+h,> zkhuh j+, vdwlvhv
je+, A 3> jee+, A 3> olpe<f je+, @ 3> olpe<" je+, @4=
Zh kdyh wzr fdqrqlfdo h{dpsohv wkdw jlyh ulvh wr wkh vwuxfwxuh frqvlghuhg lq wklv prgho1
Lq wkh uvw h{dpsoh zh wklqn ri h dv d surgxfwlylw| hqkdqflqj lqyhvwphqw1 Lq wkh vhfrqg
h{dpsoh zh wklqn ri h dv ohduqlqj1
Lq wkh lqyhvwphqw prgho  kdv wkh vwdqgdug lqwhusuhwdwlrq ri pdujlqdo frvwv ri surgxfwlrq
dqg zh lghqwli|  dqg > l1h1   =Zh dvvxph wkdw dq lqfuhdvh lq h vkliwv wkh glvwulexwlrq
I +> , ri  grzqzdugv lq wkh vhqvh ri uvw rughu vwrfkdvwlf grplqdqfh
Ie+> ,  3 ; +DL,
zlwk vwulfw lqhtxdolw| iru vrph = Iru h @ 3 I +> , lv ghjhqhudwh rq  zkloh lw kdv ixoo
vxssruw


3
> 

iru doo h A 3= Pruhryhu/ iru doo h A 3 zh dvvxph wkdw I +> h, kdv d ghqvlw|
i+> h,> zklfk lv vwulfwo| srvlwlyh rq


3
> 

=
Lq wkh ohduqlqj prgho zh vxssrvh wkdw wkh djhqw uhfhlyhv d vljqdo derxw = Wkh suhflvlrq
ri wkh vljqdo ghshqgv rq h=e  uhsuhvhqwv wkh frqglwlrqdo h{shfwdwlrq ri  jlyhq wkh vljqdo/
e‘i Lh! | _i|ih4?t|U t}?@*t ? |i ti?ti |@| @ }i? igLh| *ii* _i*iht @ t}?@* Lu @ }i?
^@*|) At i i U*_i |i U@ti ihi |i @}i?| UL*_ hiUii t}?@*t Lu _gihi?| ^@*|it | Uih|@?
ThLM@M*|it ? i @4T*i Lu tU @ |iU?L*L}) L*_ Mi |@| |i @}i?| hiUiit @ ??|i*) ThiUti t}?@*
| ThLM@M*|) e @?_ @ TihuiU|*) UL@hti t}?@* | ThLM@M*|) 3 e , U*_?} |t U@ti t4T*it |i
:6
wkh suhflvlrq ri wkh vljqdo/ dqg wkh hruw ohyho h= E| wkh odz ri lwhudwhg h{shfwdwlrqv wkh
phdq ri  pxvw eh lqghshqghqw ri hruw1 Krzhyhu/ zh dvvxph wkdw dq lqfuhdvh lq h pdnhv
 ulvnlhu +dqg wkh frqglwlrqdo glvwulexwlrq ri  jlyhq wkh vljqdo/ wkh suhflvlrq ri wkh vljqdo/
dqg wkh hruw ohyho h ohvv ulvn|, lq wkh vhqvh ri vhfrqg rughu vwrfkdvwlf grplqdqfh=
] w
w
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Ie

> h

g  3; +DO,
zlwk vwulfw lqhtxdolw| iru vrph = Wkh lghd lv wkdw pruh hruw hqwdlov pruh lqirupdwlrq
derxw = Iru h @ 3 I +> , lv ghjhqhudwh rq wkh sulru phdq H @ H zkhuh H ghqrwhv wkh
h{shfwdwlrq rshudwru= Zh dvvxph wkdw iru doo h A 3 I +> h, kdv ixoo vxssruw


3
> 

dqg kdv
ghqvlw| i+> h,> zklfk lv djdlq dvvxphg wr eh vwulfwo| srvlwlyh rq


3
> 

=
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Zh wklqn ri frqwudfwlqj lq whupv ri phfkdqlvp ghvljq1 D phfkdqlvp lv d wxsoh it+,> w+,j
zklfk vshflhv txdqwlwlhv ri surgxfwlrq dqg wudqvihuv wr wkh djhqw dv d ixqfwlrq ri d
phvvdjh p wkh djhqw vhqgv wr wkh sulqflsdo zkhq kh vljqv wkh frqwudfw1 Zh fdq dsso| wkh
Uhyhodwlrq Sulqflsoh wr uhvwulfw dwwhqwlrq wr gluhfw/ lqfhqwlyh frpsdwleoh phfkdqlvpv/ l1h1
wr phfkdqlvpv it+,> w+,j wkdw ghshqg rqo| rq phvvdjhv a derxw shufhlyhg frvwv1 Jlyhq
wkh uhyhodwlrq sulqflsoh zh fdq zulwh wkh sulqflsdo*v sureohp dv iroorzv=
pd{
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c |Euc e
] 7w
w
3
+Y +t+,, w+,, gI +> h, +S,
v1w1
w+, t+,  w+a, t+a,;> a +614,
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w+, t+,  3; +615,
h 5 dujpd{
e
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=
] 7w
w
3
+w+, t+,, gI +> h, j+h,
<@
> +616,
Lq wkh vshflfdwlrq deryh/ +614, lv wkh wuxwkwhoolqj frqvwudlqw wr wkh uhyhodwlrq phfkdqlvp/
+615, lv wkh lqwhulp lqglylgxdo udwlrqdolw| frqvwudlqw/ +616, lv wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqw rq wkh djhqw*v hruw fkrlfh1 Qrwh wkdw wkh lqwhulp lqglylgxdo udwlrqdolw| frq0
vwudlqwv lpso| wkdw wkh djhqw lv zloolqj wr sduwlflsdwh h{ dqwh vlqfh wkh frvwohvv fkrlfh h @ 3
lv dozd|v dgplwwhg1D
Wkh uhdghu pd| zrqghu zk| +616, grhv qrw sd| dq| dwwhqwlrq wr mrlqw lqfhqwlyh frpsdw0
lelolw| ri hruw fkrlfh dqg vxevhtxhqw uhsruwlqj vwudwhjlhv1 Wkh uhdvrq lv vlpso| wkdw iru
dq| srwhqwldo ghyldwlrq lq hruw fkrlfh/ e| wkh wuxwk whoolqj frqvwudlqw +614,/ wkh djhqw
qgv lw rswlpdo wr frqwlqxh zlwk d wuxwk whoolqj vwudwhj|1S
Lq wkh uhvw ri wklv vhfwlrq zh eulqj sureohp S lqwr d pruh wudfwdeoh irup1 Doo surriv ri
wklv vhfwlrq duh lq dsshqgl{ D1
Ohppd 614= Dq| t+,> w+, dqg h A 3 vroyhv sureohp S li dqg rqo| li w+, @ t+, .U 7w
w
t+,g dqg t+,> h A 3 vroyhv Sureohp S =
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D ixuwkhu vlpsolfdwlrq lv rewdlqhg e| lqwurgxflqj d uvw rughu dssurdfk iru h=
Sursrvlwlrq 614 Dvvxph
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w
3
Iee+> ,g  3;> h +Frqfdylw|,
Wkhq/ t+, dqg h A 3 vroyh sureohp S  li wkh| vroyh sureohp S  =
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Jlyhq wkh prqrwrqlflw| frqvwudlqw/ lw lv frqyhqlhqw wr wuhdw S  dv dq rswlpdo frqwuro
sureohp zlwk frqwuro yduldeoh +,> zkhuh +, @ tw+,= Wkh Kdplowrqldq iru wklv sureohp
lv
K = @

Y +t+,,

 .
I +> h,
i +> h,

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i +> h, .  +Ie +> h, je+h,,
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Lq wklv h{suhvvlrq  +, lv wkh Odjudqjh pxowlsolhu rq wkh qrqsrvlwlylw| frqvwudlqw rq wkh
frqwuro yduldeoh/  +, lv wkh frvwdwh yduldeoh dqg  lv wkh Odjudqjh pxowlsolhu rq wkh LF
frqvwudlqw1 Iurp Srqwu|djlqv Pd{lpxp Sulqflsoh wkh qhfhvvdu| frqglwlrqv ri rswlpdolw|
duh
K @ 3 @ +, +, +617,
w +, @ K^ @ 

Y^ +t+,,
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 .
I +> h,
i +> h,
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Ie +> h,
i +> h,

i +> h, +618,
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Ie+> h,t+,g  je+h, @ 3 +61:,
tw+, @ +, +61;,
+,  3> +,+, @ 3 +61<,
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, @ 3 +6143,
zkhuh +617,/ +618,/ dqg +619, duh wkh uvw rughu frqglwlrqv iru +,> t+,> dqg h> uhvshfwlyho|/
+61:, dqg +61;, vshoo rxw wkh frqvwudlqwv/ +61<, lv wkh frpsohphqwdu| vodfnqhvv frqglwlrq
rq wkh qrqsrvlwlylw| frqvwudlqw rq +,> dqg qdoo|/ +6143, frqwdlqv wkh wudqvyhuvdolw|
::
frqglwlrqv1 L surfhhg zlwk d fkdudfwhul}dwlrq ri frqwudfwv wkdw rswlpdoo| lpsohphqw dq
hruw ohyho wkh sulqflsdo ghvluhv1 Txhvwlrqv ri h{lvwhqfh dqg xqltxhqhvv duh ohiw dvlgh1.
Vroxwlrq+v, wr wkh v|vwhp ri htxdwlrqv +617,0+6143, zloo eh ghqrwhg tW+,> W+,> dqg hW
+zlwk dvvrfldwhg pxowlsolhu W,=
e W4T*i4i?|@|L?
Lq wkh dqdo|vlv ri Edurq dqg P|huvrq +4<;5, hruw fkrlfh sod|v qr uroh +wkhuhiruh   3
lq wkhlu prgho,1 Li . 8 Ew
sEw lv qrq ghfuhdvlqj lq  wkh rswlpdo surgxfwlrq txdqwlw| lq wkhlu
dqdo|vlv lv fkdudfwhul}hg e| Y^+t+,, @ .
8 Ew
sEw = Iru ixwxuh uhihuhqfh fdoo d frqwudfw vdwlv0
i|lqj wklv frqglwlrq d EP0frqwudfw1 Wkh sulqflsdo zdqwv wr lpsohphqw hflhqw surgxfwlrq
+, exw kdv wr rhu dq lqirupdwlrqdo uhqw +8 Ew
sEw , lq rughu wr kdyh wkh djhqw uhyhdo klv lqiru0
pdwlrq wuxwkixoo|= wkh rswlpdo frqwudfw uhhfwv wklv uhqw2hflhqf| wudgh0r1 Surgxfwlrq
iru wkh lqhflhqw upv lv glvwruwhg grzqzdugv= wkhuh lv xqghusurgxfwlrq ehorz wkh wrs1
Krzhyhu/ wkhuh lv qr glvwruwlrq dw wkh wrs1 L frqvlghu krz wkh qhhg wr surylgh lqfhqwlyhv
iru lqyhvwphqwv dqg ohduqlqj dhfwv wkh vroxwlrq wr wkh sulqflsdo*v sureohp=H
Sursrvlwlrq 615 Li Y
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 3 wkh rswlpdo frqwudfw lv fkdudfwhul}hg
wkurxjk wkh uvw rughu frqglwlrq
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dqg hW lv ghwhuplqhg e|
] 7w
w
3
Ie+> h
W,tW+,g  je+h
W, @ 3
Lqfhqwlyhv iru lqyhvwphqwv2ohduqlqj duh surylghg wkurxjk pdujlqdo lqirupdwlrq uhqwv1 Wkh
gluhfwlrq ri wkh fkdqjh lq wkh rswlpdo frqwudfw uhodwlyh wr wkh Edurq P|huvrq vlwxdwlrq iru
dq| w|sh  ghshqgv rq wkh vljq ri W dqg wkh vljq ri Ie+> h,= Wkh vljq ri wkh pxowlsolhu
uhhfwv wkh qdwxuh ri wkh lqfhqwlyh sureohp frqfhuqlqj hruw fkrlfh zlwk W A 3 zkhq
wkhuh lv xqghusurylvlrq ri hruw dqg W ? 3 lq fdvh ri ryhusurylvlrq ri hruw1 Wkh vljq ri
Ie+> h, lv ghwhuplqhg e| +DL, iru wkh lqyhvwphqw prgho/ dqg +DO, iru wkh ohduqlqj prgho/
uhvshfwlyho|1 Erwk prghov zloo eh glvfxvvhg vhsdudwho| lq vhfwlrqv 618 dqg 619/ uhvshfwlyho|1
Dorqj wkh olqhv ri Kropvwurp +4<:<,/ wkh glvwruwlrq lqwurgxfhg wkurxjk wkh prudo kd}dug
sureohp fdq eh xqghuvwrrg lq whupv ri dq lqihuhqfh sureohp zkhq hruw lv ylhzhg dv
dq xqrevhuyhg sdudphwhu/ wkdw lv/ lq whupv ri olnholkrrg udwlrv1 Wkh uhohydqw olnholkrrg
phdvxuh frqglwlrqv rq wkh djhqw ehlqj dw ohdvw dv hflhqw dv vrph w|sh = Wr xqghuvwdqg
wklv uhvxow/ uhfdoo wkdw wkh h{ srvw uhqw ri d w|sh  ghshqgv rq surgxfwlrq txdqwlwlhv ri
doo w|shv zlwk kljkhu ru htxdoo| kljk frvwv1 Wkhuhiruh d pdujlqdo fkdqjh ri surgxfwlrq
dw  fkdqjhv wkh uhqw ri doo w|shv zkr duh dw ohdvw dv hflhqw dv = Wkh sulqflsdo*v frvw
ehqhw dqdo|vlv ri glvwruwlrqv wdnhv wklv lqwr dffrxqw1 Pruh vshflfdoo|/ revhuyh wkdw
8eEwce
sEwce @
_ *L}d8 Ewceo
_e
@ sEwce
8 Ewce =
sEwce
8 Ewce lv wkh ghqvlw| ri w|sh  frqglwlrqdo rq wkh djhqw ehlqj dw
ohdvw dv hflhqw dv = Wkh kljkhu lv sEwce
8 Ewce wkh kljkhu lv wkh frvw ri glvwruwlqj wkh frqwudfw1
_ *L}d8 Ewceo
_e
lv wkh vorsh ri wkh olnholkrrg ixqfwlrq iru wkh djhqw ehlqj dw ohdvw dv hflhqw dv
= Lq wkdw vhqvh
_ *L}d8 Ewceo_e  phdvxuhv krz vwurqjo| rqh lv lqfolqhg wr lqihu iurp phvvdjh 
wkdw wkh djhqw glg qrw wdnh dfwlrq h dqg wkh kljkhu lv wkh lqfhqwlyh hhfw ri d jlyhq fkdqjh
lq t+, rq wkh djhqw*v hruw=
Wkh ydoxh W lv ghwhuplqhg e| wkh sulqflsdo*v rswlpl}dwlrq z1u1w1 h= Wkh fruuhvsrqglqj
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Wkh ohiw kdqg vlgh phdvxuhv wkh gluhfw/ ehqhfldo/ hhfw ri dq lqfuhdvh lq hruw rq wkh
sulqflsdo*v sd|r1 Lw fdq eh ghfrpsrvhg lqwr wzr vhsdudwh hhfwv= uvw d vrfldo vxusoxv
hhfw/
U 7w
w
3
^+Y +t+,, t+,, ie+> h,‘ g / dqg vhfrqg d uhqw hhfw/
U 7w
w
3
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w
t+,gie+> h,g=
Gxh wr wkh hqyhorsh wkhruhp uhpdlqlqj hhfwv wkurxjk d fkdqjh lq wkh rswlpdo frqwudfw
duh }hur1 Wkh whupv rq wkh uljkw kdqg vlgh uhhfw lqgluhfw frvw hhfwv wkdw dulvh wkurxjk wkh
lqfhqwlyh frqvwudlqw rq hruw fkrlfh1 Wkh sulqflsdo fdq eh xqghuvwrrg dv d prqrsvrqlvwlf
ex|hu ri hruw zkr frqvlghuv wkh wrwdo fkdqjh lq frvwv ri hruw gxh wr dq lqfuhdvh ri klv
ghpdqg iru hruw1 Vxfk d fkdqjh frqvlvwv ri d %sulfh hhfw% dqg d %txdqwlw| hhfw%1 Gxh
wr wkh hqyhorsh wkhruhp wkh sulfh hhfw lv }hur1 Wkh txdqwlw| hhfw kdv wkh iroorzlqj
lqwhusuhwdwlrq= d fkdqjh lq hruw e| gh drugv dq lqfuhdvh lq pdujlqdo lqirupdwlrq uhqwv
wr je+h, . jee+h,gh= Wkh hhfw rq wkh sulqflsdo*v sd|r lv wkh fkdqjh lq pdujlqdo frvwv
wlphv wkh vkdgrz sulfh ri pdujlqdo frvwv/ = Pruhryhu/ iurp wkh frqfdylw| ri wkh djhqw*v
lqirupdwlrq uhqw/ lw iroorzv wkdw dq lqfuhdvh lq hruw lv dffrpsdqlhg e| d ghdgzhljkw orvv/
fdxvlqj d orvv ri xwlolw| ri khljkw 
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Zh qh{w glvfxvv wkh vroxwlrqv wr wkh lpsohphqwdwlrq sureohpv lq ghhshu ghwdlo1
D W?it|4i?|t
Zh qrz orrn dw wkh lqyhvwphqw prgho zkhuh dq lqfuhdvh lq hruw fruuhvsrqgv wr d vkliw lq
wkh glvwulexwlrq ri  lqyroylqj uvw rughu vwrfkdvwlf grplqdqfh1 Zh surfhhg dv iroorzv= zh
uvw fkdudfwhul}h txdolwdwlyh ihdwxuhv ri frqwudfwv uhodwlyh wr wkh EP0frqwudfw dqg glvfxvv
wkh qdwxuh ri wkh lqfhqwlyh sureohp1 Lw wxuqv rxw wkdw wkhvh wzr lvvxhv duh forvho| uhodwhg1
Qh{w zh glvfxvv wkh lpsdfw ri wkh prudo kd}dug sureohp rq vwdqgdug ihdwxuhv ri frqwudfwv
;3
zlwk klgghq fkdudfwhulvwlfv1
Sursrvlwlrq 616 Wkh djhqw lqyhvwv wrr olwwoh iurp wkh sulqflsdo*v shuvshfwlyh/ l1h1 W A 3=
Lqfhqwlyhv iru frvw uhgxflqj lqyhvwphqwv duh surylghg wkurxjk lqfuhdvhg surgxfwlrq uhodwlyh
wr wkh EP0frqwudfw1
Wkh lqwxlwlrq iru wkhvh uhvxowv lv vwudljkwiruzdug1 Vlqfh wkh txdolwdwlyh lqxhqfh ri wkh
djhqw*v hruw lv wkh vdph iru doo w|shv/ l1h1 wr lqfuhdvh wkh olnholkrrg ri pruh hflhqw
w|shv/ wkh sulqflsdo zloo hlwkhu lqfuhdvh +W A 3, surgxfwlrq iru doo w|shv uhodwlyh wr wkh
EP0frqwudfw ru ghfuhdvh lw iru doo w|shv +W ? 3,1 Qrz vxssrvh wkdw frqwudu| wr rxu
sursrvlwlrq W ? 3= Wkhq/ iurp sursrvlwlrq 615 zh vhh wkdw wkhuh lv xqghusurgxfwlrq
uhodwlyh wr uvw ehvw1 Qrz frqvlghu wkh ohiw kdqg vlgh ri +6144,1 Wdnlqj ghulydwlyhv ri wkh
sulqflsdo*v h{ srvw qhw xwlolw| zlwk uhvshfw wr  zh jhw
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Frqvhtxhqwo|/ li wkhuh lv xqghusurgxfwlrq wkurxjkrxw/ wkh sulqflsdo*v h{ srvw qhw xwlolw|
lv d prqrwrqlf ixqfwlrq ri w|shv1 Pruh suhflvho|/ wkh sulqflsdo*v qhw xwlolw| h{ srvw lv
prqrwrqlfdoo| ghfuhdvlqj lq  vr wkdw kh suhihuv wr wudgh zlwk wkh pruh hflhqw w|shv h{
srvw1 Revhuyh qrz wkdw d pdujlqdo lqfuhdvh ri wkh djhqw*v hruw lqfuhdvhv wkh olnholkrrg
ri orz frvw w|shv1 Wkhuhiruh wkh gluhfw pdujlqdo hhfw rq wkh sulqflsdo*v qhw xwlolw| lv
xqdpeljxrxvo| srvlwlyh1b Frqvlghu qrz wkh lqgluhfw hhfwv rq wkh frvw vlgh= zkhq W ? 3
dq lqfuhdvh lq hruw vodfnhqv wkh lqfhqwlyh frqvwudlqw dqg ixuwkhupruh dovr uhgxfhv wkh
ghdgzhljkw orvv1 Vr li W ? 3 wkhuh lv uhdoo| qr wudgh0r lqyroyhg1 Wkhuhiruh qhfhvvdulo|
W A 3 lq dq| rswlpdo vroxwlrq= Wkhq/ wkh sulqflsdo htxdwhv dw wkh rswlpdo vroxwlrq wkh
pdujlqdo qhw ehqhw wr wkh pdujlqdo frvw1 Lq sduwlfxodu wklv uhdvrqlqj uhyhdov wkdw wkh
pdujlqdo hhfw rq wkh qhw ehqhw lv xqdpeljxrxvo| srvlwlyh dw wkh rswlpxp1 Lq rwkhu
zrugv/ wkh djhqw h{huwv d srvlwlyh h{whuqdolw| rq wkh sulqflsdo1 Wkhuhiruh dw dq rswlpdo
bAi @h}4i?| t @!? |L |i L?i }i? ? 6?@?Ui |L it|@M*t |@| @? ?it|Lh | @ t|hU|*) 4L?L|L?U
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vroxwlrq/ wkh sulqflsdo sd|v wkh djhqw iru h{huwlqj pruh hruw +W A 3, udwkhu wkdq iru
h{huwlqj ohvv hruw +W ? 3,1 Sd|lqj iru pruh hruw lq wxuq phdqv wkdw pdujlqdo lqfhqwlyhv
iru hruw kdyh wr eh lqfuhdvhg1 Vlqfh uhqwv duh ghwhuplqhg e| fxpxodwlyh surgxfwlrq ohyhov
lw iroorzv wkdw surgxfwlrq lv kljkhu wkdq lq wkh EP0frqwudfw1
Wkxv lqihuhqfh derxw xqrevhuyhg hruw kdv d frxqwhuydlolqj hhfw rq rswlpdo frqwudfwv
dv rssrvhg wr lqihuhqfh derxw xqrevhuyhg fkdudfwhulvwlfv1 Wkh odwwhu whqgv wr jhqhudwh
f1s1 xqghusurgxfwlrq zkloh wkh iruphu whqgv wr jhqhudwh ryhusurgxfwlrq1 Wkh qhw hhfw
rq frqwudfwv ghshqgv rq d frpsdulvrq ri wkh uhodwlyh vwuhqjwk ri wkh wzr prwlyhv1 Wklv
frpsdulvrq lq wxuq ghshqgv rq wkh vl}h ri wkh hqgrjhqrxv pxowlsolhu W= Krzhyhu/ li
zh dvvxph wkdw olpw<w
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sEwce @ 3 ;h A 3>
f wkhq wkhuh lv dq lghdo vxvshfw zkhuh wklv
hqgrjhqhlw| sureohp fdq eh dyrlghg ehfdxvh wkh ghvluh wr olplw wkh djhqw*v lqirupdwlrqdo
uhqwv lv hqwluho| devhqw= wkh prvw hflhqw w|sh 
3
= Lq zkdw iroorzv/ iru odfn ri d ehwwhu
whuplqrorj|/ zh ghqh wkh wrs dv wkh w|sh zlwk wkh orzhvw pdujlqdo frvwv/ 
3
=
Wkxv/ zh lpsrvh iru wkh uhpdlqghu ri wklv vhfwlrq=
Dvvxpswlrq= olpw<w
3
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sEwce @ 3;h A 3=
Sursrvlwlrq 617 Vxssrvh wkdw 4 A olpw<w
3
8eEwce
sEwce A 3;h A 3= Wkhq wkhuh lv d glvwruwlrq
dw wkh wrs1 Pruh suhflvho|/ wkhuh lv ryhusurgxfwlrq dw wkh wrs1
Ryhusurgxfwlrq dulvhv zkhqhyhu wkh ghvluh wr olplw wkh djhqw*v lqirupdwlrq uhqwv lv grp0
lqdwhg e| wkh ghvluh wr lqfuhdvh klv hruw fkrlfh1 Vlqfh olpw<w
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sEwce @ 3 ;h A 3/ dw wkh
wrs wkh ghvluh wr olplw wkh djhqw*v uhqwv lv devhqw1 Frqvhtxhqwo|/ li dqqrxqflqj wr eh ri
w|sh 
3
lv lqirupdwlyh derxw xqrevhuyhg hruw wkhuh lv d glvwruwlrq dw wkh wrs1 Pruh
suhflvho|/ wkhuh lv ryhusurgxfwlrq dw wkh wrs1 Dv dujxhg deryh/
8eEw
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ce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3
ce phdvxuhv krz h{dfw
dq lqihuhqfh rqh fdq pdnh derxw xqrevhuyhg hruw iurp wkh phvvdjh 
3
= Wkh pruh h{dfw
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wkh lqihuhqfh wkh odujhu wkh glvwruwlrq dw wkh wrs dqg f1s1 wkh odujhu lv surgxfwlrq dw wkh
wrs1
Phvvdjh 
3
+dqg e| frqwlqxlw| vrph phvvdjhv ehorz wkh wrs, lv uhzdughg ryhu dqg deryh
zkdw zrxog eh rswlpdo h{ srvw ehfdxvh lw glvsod|v d idyrxudeoh ehqhw wr frvw udwlr1 Dq
lqfuhdvh lq surgxfwlrq dw wkh wrs jhqhudwhv d surqrxqfhg hhfw rq wkh djhqw*v hruw zkloh
wkh frvw ri glvwruwlqj wkh frqwudfw lv uhodwlyho| vpdoo1 Wkh h{ srvw hflhqf| ri wkh frqwudfw
lv lpsdluhg lq rughu wr surylgh lqfhqwlyhv iru lqyhvwphqwv h{ dqwh1
Lq d fhuwdlq vhqvh glvwruwlrqv dw wkh wrs duh d yhu| frvwo| lqfhqwlyh ghylfh1
Sursrvlwlrq 618 Vxssrvh wkdw 4 A olpw<w
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sEwce A 3;h A 3= Ixuwkhupruh/ dvvxph wkdw
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sEwce  3 ;h A 3= Wkhq <
 vxfk wkdw wkhuh lv ryhusurgxfwlrq
iru doo  ?  dqg xqghusurgxfwlrq iru doo  A = Pruhryhu/ wkh sulqflsdo*v h{ srvw xwlolw|
lv pd{lpl}hg dw > lqfuhdvlqj lq  iru  ?  dqg ghfuhdvlqj iru doo  A =
Li wkh wrs lv lqirupdwlyh derxw hruw/ wkh glvwulexwlrq lv orjfrqfdyh dqg rxu frqglwlrqdo
olnholkrrg udwlr lv prqrwrqh +dqg ghfuhdvlqj, lq  wkhq wkh iroorzlqj uhvxow rewdlqv= iru
yhu| hflhqw upv wkh hflhqf| ri wkh h{ srvw frqwudfw lv lpsdluhg vr wkdw h{ srvw wkh
sulqflsdo*v qhw xwlolw| lv qr orqjhu pd{lpl}hg dw wkh wrs1 Wkh sulqflsdo wudghv wrr pxfk
zlwk yhu| orz frvw w|shv/ l1h1 lpsohphqwv wrr kljk d ohyho ri surgxfwlrq/ lq rughu wr vwhhu
wkh djhqw*v hruw vxsso|1 Wkh qhw hhfw ri dq lqfuhdvh lq wkh djhqw*v hruw lv vwloo ehqhfldo
iurp wkh sulqflsdo*v shuvshfwlyh ehfdxvh wkh glvwulexwlrq ri w|shv ehfrphv pruh idyrxudeoh
iurp klv shuvshfwlyh1 Wklv frpplwphqw pdnhv vhqvh iurp wkh h{ dqwh shuvshfwlyh zkhqhyhu
wkh lqirupdwlrqdo frqwhqw ri phvvdjhv dw wkh wrs lv vxflhqwo| odujh1
Rxu uhvxowv vr idu uhihu wr wkh fdvh zkhuh wkh wrs lv lqirupdwlyh exw qrw %wrr lqirupdwlyh%
derxw hruw1 Pruh suhflvho|/ wkh frqglwlrqdo olnholkrrg udwlr phdvxuh zdv dvvxphg wr
eh erxqghg dw wkh wrs1 Rqh pd| zrqghu zkdw kdsshqv li dw wkh wrs wkh lqihuhqfh wkh
sulqflsdo fdq irup derxw xqrevhuyhg hruw jhwv duelwudulo| h{dfw1 Lq wkh frqwh{w ri d sxuh
prudo kd}dug prgho Pluuohhv +4<:7, kdv vkrzq wkdw suhflvh lqihuhqfh dw wkh erxqgv ri
wkh vxssruwv jhqhudwh sureohpv ri qrqh{lvwhqfh ri rswlpdo vroxwlrqv1 Lq klv prgho/ wkh
sulqflsdo fdq uhdfk dq h{shfwhg sd|r wkdw lv duelwudulo| forvh exw qhyhu dfwxdoo| htxdo wr
;6
wkh h{shfwhg sd|r kh frxog rewdlq zhuh hruw revhuydeoh e| xvlqj vlpsoh vwhs frqwudfwv
lqyroylqj odujh dqg lqiuhtxhqw sxqlvkphqwv1 Wkh vdph uhdvrqlqj dssolhv khuh dv zhoo/
doehlw xqghu pruh vwulqjhqw frqglwlrqv1
Sursrvlwlrq 619 Vxssrvh wkdw olpw<w
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sEwce @4;h A 3= Wkhq/ dq rswlpdo frqwudfw grhv
qrw h{lvw1 Wkh sulqflsdo fdq uhdfk d sd|r wkdw lv duelwudulo| forvh +exw qhyhu dfwxdoo| htxdo
wr, klv sd|r iru wkh jlyhq lqirupdwlrq vwuxfwxuh I +> h, e| lpsohphqwlqj wkh iroorzlqj
frqwudfw=
t @ at iru  5


3
> 
3
. %

t @ t+, rwkhuzlvh
zkhuh at lv yhu| odujh/ % lv yhu| vpdoo exw srvlwlyh/ t+, vdwlvhv=
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dqg h pd{lpl}hv wkh sulqflsdo*v h{shfwhg sd|r zkhq hruw lv revhuydeoh1
Vd|lqj wkdw wkh olnholkrrg udwlr jrhv rxw ri erxqgv dw wkh wrs lv htxlydohqw wr vd|lqj wkdw
wkh ehqhw ri glvwruwlqj wkh frqwudfw lv kxjh frpsduhg wr wkh frvwv ri grlqj vr1 Lq vxfk
d vlwxdwlrq wkh sulqflsdo fdq lpsohphqw dq| ohyho ri hruw dw dssur{lpdwho| qr frvwv lq
h{shfwhg whupv1 Kh rhuv dq h{wuhpho| kljk uhzdug iru wkh prvw hflhqw w|shv/ ru pruh
suhflvho|/ dq h{wuhpho| odujh dprxqw ri surgxfwlrq iru wkh prvw hflhqw upv1 Krzhyhu/
wklv uhzdug zloo doprvw qhyhu kdyh wr eh sdlg vlqfh wkh suredelolw| ri uhdfklqj wkdw vwdwh
lv dssur{lpdwho| }hur1
Dv d whfkqlfdo vlgh uhpdun/ revhuyh wkdw rxu frqglwlrq lv vwurqjhu wkdq wkh rqh Pluuohhv
+4<:7, qhhghg wr rewdlq vxfk d uhvxow lq wkh frqwh{w ri d sxuh prudo kd}dug prgho12 Wkh
uhdvrq zk| zh qhhg d vwurqjhu frqglwlrq lv wkdw rxu vwhs frqwudfw lqyroyhv wzr frpsrqhqwv
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ri frvwv zklfk erwk kdyh wr ydqlvk lq h{shfwhg whupv zkhq wkh sulqflsdo lpsohphqwv hyhu
kljkhu dprxqwv ri surgxfwlrq iru dq hyhu vpdoohu vhw ri yhu| hflhqw w|shv zkhuhdv wkhuh lv
rqo| rqh vxfk frvw lq Pluuohhv* prgho1 Pruh suhflvho|/ dv lq Pluuohhv* sureohp prwlydwlqj
pruh hruw iurp wkh djhqw wkurxjk wkh frqwudfw lq wkh sursrvlwlrq lqyroyhv dq lqfuhdvh
lq uhqw frvw1 Wkh lqfuhdvh lq h{shfwhg uhqw frvwv lv qhjoljleoh lq rxu prgho zkhqhyhu lw lv
Pluuohhv* prgho/ wkdw lv zkhq olpw<w
3
seEwce
sEwce @ 41 Krzhyhu/ wkhuh lv dovr wkh lqfuhdvh lq
sk|vlfdo surgxfwlrq frvwv1 Wkhvh ydqlvk li wkh sulqflsdo lpsohphqwv yhu| vhogrpo| yhu|
kljk ohyhov ri surgxfwlrq rqo| li olpw<w
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Krzhyhu/ hyhq li wkh h{shfwhg lqfuhdvh lq sk|vlfdo surgxfwlrq frvwv grhv qrw ydqlvk/ lqihu0
hqfh derxw xqrevhuyhg hruw pd| vwloo kdyh d frqvlghudeoh lqxhqfh rq wkh frqwudfw dw wkh
wrs1 Glvwruwlrqv dw wkh wrs pd| dulvh hyhq li wkh wrs lv frpsohwho| xqlqirupdwlyh derxw
xqrevhuyhg hruw1
Sursrvlwlrq 61: Vxssrvh wkdw olpw<w
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sEwce @ 3 ;h A 3 exw wkdw olpw<w
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sEwce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;h A 3= Wkhq/ wkhuh lv exqfklqj dw wkh wrs1 Li lq dgglwlrq/
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lv vlqjohshdnhg/ wkhq wkhuh lv d glvwruwlrq dw wkh wrs1 Pruh
suhflvho|/ wkhuh lv ryhusurgxfwlrq dw wkh wrs1
Hyhq li wkh frqglwlrqdo olnholkrrg phdvxuh lv }hur dw wkh wrs lw pd| vwloo eh wkh fdvh wkdw
lwv fkdqjh lv yhu| surqrxqfhg dv zh pryh dzd| iurp wkh wrs1 Wklv fkdqjh dw wkh wrs lv
sursruwlrqdo wr
seEw
3
ce
sEw
3
ce = Li wklv olnholkrrg phdvxuh lv yhu| odujh/ lqihuhqfh derxw xqrevhuyhg
hruw frqlfwv zlwk wkh prqrwrqlflw| frqvwudlqw vr wkdw wkhuh pxvw eh exqfklqj lq wkh
frqwudfw1
Wkh odvw sursrvlwlrqv doo uhtxluh wkdw olpw<w
3
i+> h, @ 3= Lq frqwudvw Edurq dqg P|huvrq
kdyh lpsrvhg d vwulfwo| srvlwlyh ghqvlw| ryhu wkh zkroh vxssruw1 Frqvhtxhqwo|/ wkh uhdghu
pljkw mxgjh rxu uhvxowv lqfrpsdudeoh wr wkhluv1 Krzhyhu/ wklv lv qrw wuxh1 Zh kdyh lpsrvhg
wkdw olpw<w
3
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sEwce @ 3= Dv d frqvhtxhqfh zh rewdlq h{dfwo| wkh vdph uhvxowv dv wkh| gr
iru wkh fdvh zkhuh wkh glvwulexwlrq ri w|shv lv h{rjhqrxvo| jlyhq1
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Zh qrz glvfxvv wkh ohduqlqj prgho zkhuh lqfuhdvhv lq hruw duh dvvrfldwhg zlwk vkliwv
ri wkh glvwulexwlrq/ I +> ,> lqyroylqj vhfrqg rughu vwrfkdvwlf grplqdqfh1 Zh surfhhg dv
iroorzv= zh uvw fkdudfwhul}h wkh qdwxuh ri wkh lqfhqwlyh sureohp lq wkh ohduqlqj frqwh{w
dqg wkhq glvfxvv wkh surshuwlhv ri rswlpdo frqwudfwv1
Iru hdvh ri h{srvlwlrq ri wkh qh{w sursrvlwlrq ohw d qrqghfuhdvlqj kd}dug udwh eh vwurqjo|
frqfdyh li lw vdwlvhv wkh iroorzlqj hodvwlflw| frqglwlrq=
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Sursrvlwlrq 61; +l, Htxloleulxp hruw fdq eh hlwkhu vxerswlpdoo| orz +W A 3, ru
h{fhvvlyh +W ? 3,1 Pruh vshflfdoo|/ vxssrvh wkdw S  lv joredoo| frqfdyh lq h iru jlyhq
t+, dqg +,= Wkhq=
W A 3 li Y^^^+,  3 dqg
8 Ewce
sEwce lv qrqghfuhdvlqj vwurqjo| frqfdyh lq h>
W ? 3 li Y^^^+,  3 dqg
8 Ewce
sEwce lv qrqghfuhdvlqj frqyh{ lq h=
+ll, Iru dq| +srvvleo| qrq0frqfdyh, Sureohp S > li olpe<f i+> h, @ 3 ; 5
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iru
vrph % A 3> wkhq htxloleulxp hruw lv erxqghg dzd| iurp }hur1
Wkh lqwxlwlrq iru wkhvh uhvxowv lv txlwh glhuhqw iurp wkh rqh lq wkh lqyhvwphqw prgho1 Wkh
pdujlqdo lpsdfw ri wkh djhqw*v hruw rq wkh sulqflsdo*v qhw ehqhw/
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lv dnlq wr d orwwhu| dgglqj ulvn wr wkh glvwulexwlrq ri = Wkh djhqw*v hruw pryhv pdvv iurp
wkh plggoh ri wkh glvwulexwlrq wrzdugv wkh rxwhu erxqgv vr wkdw h{wuhph uhdol}dwlrqv ri
wkh srvwhulru duh uhodwlyho| pruh olnho|1 Frqvhtxhqwo|/ wkh txhvwlrq zkhwkhu wkh sulqflsdo
suhihuv wr kdyh wkh djhqw h{huw pruh hruw lv htxlydohqw wr dvnlqj zkhwkhu kh olnhv wr lqfxu
pdujlqdo orwwhulhv1 D vxflhqw frqglwlrq vxfk wkdw kh olnhv vxfk pdujlqdo orwwhulhv lv wkdw
;9
kh lv d %txdvl ulvn oryhu%1 Wkdw lv/ li wkh sulqflsdo*v qhw h{ srvw xwlolw| xqghu wkh rswlpdo
frqwudfw lv d frqyh{ ixqfwlrq ri w|shv wkhq wkh sulqflsdo ehqhwv iurp d pdujlqdo lqfuhdvh
lq hruw1 Rq wkh rwkhu kdqg li klv qhw h{ srvw xwlolw| lv frqfdyh lq w|shv/ vr wkdw kh lv
d %txdvl ulvn dyhuwhu%/ wkh sulqflsdo zrxog suhihu wr kdyh ohvv ulvn lq wkh glvwulexwlrq ri
w|shv1
Lw lv lqvwuxfwlyh wr glvfxvv zk| wkh dujxphqw fdqqrw eh jlyhq dorqj wkh vdph olqhv dv lq
wkh lqyhvwphqw prgho1 Hyhq li rqh dvvxphv wkdw wkhuh lv xqghusurgxfwlrq iru doo w|shve
vr wkdw wkh sulqflsdo*v h{ srvw xwlolw| lv prqrwrqlf lq w|shv/ wkh lqxhqfh ri d pdujlqdo
lqfuhdvh lq wkh djhqw*v hruw rq wkh sulqflsdo*v qhw xwlolw| lv dpeljxrxv1 Lq d ohduqlqj
prgho wkh djhqw vkliwv pdvv iurp wkh plggoh ri wkh glvwulexwlrq wrzdugv wkh rxwhu erxqgv
ri wkh glvwulexwlrq1 Pruh h{wuhph srvwhulruv duh lq dq h{ dqwh vhqvh pruh olnho| li wkh
djhqw h{huwv pruh hruw1 Frqvhtxhqwo|/ pruh hruw uhgxfhv wkh olnholkrrg ri wudglqj zlwk
phglrfuh w|shv dqg lqfuhdvhv wkh olnholkrrg ri wudghv zlwk h{wuhph w|shv1 Wkh sulqflsdo*v
h{ srvw xwlolw| lv ghfuhdvhg li wkh djhqw*v pdujlqdo frvw wxuqv rxw wr eh kljkhu wkdq h{ dqwh
h{shfwhg dqg lqfuhdvhg li wkh djhqw*v pdujlqdo frvw wxuq rxw wr eh orzhu wkdq h{shfwhg1
Wkxv/ wkh qdwxuh ri wkh lqfhqwlyh sureohp fdq lq jhqhudo eh ri hlwkhu nlqg= wr prwlydwh wkh
djhqw wr ohduq pruh ru wr vwrs klp iurp ohduqlqj pruh1 Krzhyhu/ hyhq li wkh sulqflsdo lv
kduphg e| d pdujlqdo lqfuhdvh ri wkh djhqw*v hruw dw dq rswlpdo vroxwlrq wklv zloo 0xqghu
d plqru whfkqlfdo frqglwlrq0 qrw jr vr idu wkdw wkh sulqflsdo zrxog olnh wkh djhqw wr devwdlq
iurp ohduqlqj frpsohwho|1 Lpsohphqwlqj qr ohduqlqj lv h{wuhpho| frvwo|1 Wr vhh wklv/ qrwh
wkdw wkh djhqw xvhv klv lqirupdwlrq lq wzr ghflvlrqv= uvw lq ghflglqj rq zkhwkhu wr zrun
iru wkh sulqflsdo dqg vhfrqg lq ghflglqj rq zkdw txdqwlw| wr surgxfh1 Wr vwrs wkh djhqw
iurp ohduqlqj wkh sulqflsdo kdv wr uhqghu wkh pdujlqdo lqirupdwlrq frpsohwho| ydoxhohvv
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iru wkh djhqw lq erwk ghflvlrqv vlqfh wkh pdujlqdo frvw ri hruw lv }hur dw }hur hruw1 Wklv
uhtxluhv wkdw +l, wkh sd|phqw wr wkh djhqw lv vr kljk wkdw wkh frqwudfw lv dffhswdeoh wr wkh
w|sh zlwk wkh kljkhvw frvw dqg +ll, wkdw surgxfhg txdqwlw| lv lqghshqghqw ri wkh djhqw*v
frvwv1 Lq vxfk d frqwudfw wkh sulqflsdo jlyhv dzd| yhu| kljk uhqwv1 Frqvlghu wkhq wkh
dowhuqdwlyh ri orzhulqj wkh wudqvihu vr wkdw wkh djhqw zrxog qrw eh zloolqj wr zrun iru wkh
sulqflsdo li kh eholhyhg wkdw klv frvwv zkhuh yhu| kljk/ lq wkh lqwhuydo ^  %> ‘> vd|/ iru
vrph % srvlwlyh exw vpdoo1 Wkh yluwxh ri wklv dowhuqdwlyh frqwudfw lv wkdw wkh sulqflsdo
fdq qrz ex| fkhdshu iurp doo w|shv zkr wklqn wkdw wkhlu frvwv duh orzhu wkdq   %= Wkh
gudzedfn lv wkh orvv ri jdlqv iurp wudgh zlwk wkh kljk frvw w|shv/ iru w|shv zlwklq ^%> ‘
zloo qrw sduwlflsdwh dq|pruh1 Li lw lv/ iru h forvh wr }hur/ vxflhqwo| xqolnho| wkdw wkh djhqw
lqghhg shufhlyhv klv frvwv wr eh vr kljk dv wr devwdlq iurp wudglqj zlwk wkh sulqflsdo wkh
yluwxh ri wklv dowhuqdwlyh frqwudfw rxwzhljkv wkh gudzedfnv1
Zh qh{w wxuq wr d glvfxvvlrq ri wkh surshuwlhv ri rswlpdo frqwudfwv=
Sursrvlwlrq 61< Vxssrvh wkdw W A 3= Wkhq/ wkh rswlpdo frqwudfw lpsohphqwv d zhdno|
odujhu surgxfwlrq wkdq wkh EP0frqwudfw iru wkh prvw hflhqw w|shv lq d udqjh ^
3
> ‘
+vwulfwo| odujhu iru vrph ri wkhp, dqg d zhdno| vpdoohu surgxfwlrq wkdq wkh EP0frqwudfw
iru w|shv lq d udqjh ^2> ‘ +vwulfwo| vpdoohu iru vrph ri wkhp, iru vrph 
3
?   2 ? 1
Wkhvh frqfoxvlrqv duh uhyhuvhg li W ? 3=
Lw lv hdv| wr vhh wkdw surgxfwlrq fdq qhyhu eh lqfuhdvhg iru doo w|shv lq d ohduqlqj prgho
uhodwlyh wr wkh EP0vroxwlrq/ uhjdugohvv ri wkh qdwxuh ri wkh lqfhqwlyh sureohp1 E| wkh odz
ri lwhudwhg h{shfwdwlrqv wkh phdq ri wkh glvwulexwlrq ri w|shv pxvw eh lqghshqghqw ri wkh
djhqw*v hruwD1 Vlqfh wkh djhqw pryhv pdvv iurp phglrfuh w|shv wr h{wuhph w|shv dw wkh
pdujlq wkh olnholkrrg ri w|shv dw erwk rxwhu erxqgv pxvw eh lqfuhdvhg1 Frqvhtxhqwo|/
li surgxfwlrq lv lqfuhdvhg uhodwlyh wr wkh EP0vroxwlrq dw rqh hqg ri wkh glvwulexwlrq wklv
lpsolhv wkdw lw lv ghfuhdvhg iru w|shv dw wkh rwkhu hqg ri wkh glvwulexwlrq1
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Lqwxlwlyho|/ li wkh sulqflsdo zdqwv wr irvwhu lqirupdwlrq dftxlvlwlrq/ kh pxvw lqfuhdvh wkh
pdujlqdo ydoxh ri lqirupdwlrq wr wkh djhqw1 Lqirupdwlrq lv wkh pruh ydoxdeoh wr wkh djhqw
wkh pruh klv h{ srvw uhqw ghshqgv rq klv lqirupdwlrq/ wkdw lv wkh pruh surgxfwlrq ghshqgv
rq klv lqirupdwlrq1 Wkhuhiruh wkh vsuhdg ehwzhhq wkh kljkhvw surgxfwlrq ohyho dw wkh wrs
dqg wkh orzhvw surgxfwlrq ohyhov dw wkh erwwrp lv lqfuhdvhg1 Pruh jhqhudoo|/ wkh pdujlqdo
ydoxh ri lqirupdwlrq wr wkh djhqw lv lqfuhdvhg e| lqfuhdvlqj surgxfwlrq dw doo ydoxhv ri 
zkhuh wkh pdujlqdo lpsdfw ri wkh djhqw*v hruw lv wr pryh wkh djhqw*v srvwhulru wrzdugv
orzhu frvwv dqg e| ghfuhdvlqj surgxfwlrq dw doo ydoxhv ri  zkhuh wkh djhqw*v hruw pryhv
wkh srvwhulru wrzdugv kljkhu frvwv1 Lq fdvhv wkh djhqw*v srvwhulru lv pryhg wrzdugv kljkhu
frvwv wkh djhqw*v h{ srvw uhqw lv ghfuhdvhg1 Lq frqwudvw wkh djhqw*v h{ srvw uhqw lv lqfuhdvhg
zkhq wkh klv srvwhulru lv pryhg wrzdugv orzhu frvwv1 Wkh srvlwlyh lpsdfw ri wkh uvw hhfw
lv wkh kljkhu wkh kljkhu surgxfwlrq dw vxfk ydoxhv ri wkh srvwhulru1 Wkh qhjdwlyh hhfw ri
wkh odwwhu hhfw lv wkh vpdoohu wkh vpdoohu wkh txdqwlw| ri surgxfwlrq dw vxfk d ydoxh ri
wkh srvwhulru1
Wklv uhdvrqlqj lv wxuqhg xsvlgh grzq li wkh sulqflsdo zdqwv wr vwrs wkh djhqw iurp ohduqlqj
pruh1 Wkhq kh pxvw ghfuhdvh wkh pdujlqdo ydoxh ri lqirupdwlrq wr wkh djhqw1 Lq wklv fdvh
rswlpdo frqwudfwv pxvw pdnh ohvv xvh ri wkh djhqw*v lqirupdwlrq vr wkdw wkh vsuhdg ehwzhhq
h{wuhph surgxfwlrq ohyhov lv ghfuhdvhg1
Wr vxp xs= rxu dqdo|vlv h{sodlqv wkh hphujhqfh ri lqfhqwlyh vfkhphv wkdw duh pruh h{wuhph
wkdq wkh EP0vroxwlrq lq fdvhv zkhuh wkh sulqflsdo ehqhwv iurp lqirupdwlrq dftxlvlwlrq1 Lq
fdvhv zkhuh wkh sulqflsdo lv kduphg e| pruh lqirupdwlrq rq wkh sduw ri wkh djhqw/ rswlpdo
frqwudfwv duh pruh htxdol}hg dfurvv w|shv dqg pdnh ohvv xvh ri wkh djhqw*v lqirupdwlrq
wkdq wkh EP0frqwudfw1
Lq jhqhudo/ vhfrqg rughu vwrfkdvwlf grplqdqfh jlyhv wrr olwwoh vwuxfwxuh wr ghwhuplqh wkh
joredo vkdsh ri frqwudfwv1 Krzhyhu/ lq vrph vshfldo fdvhv wkh orfdo fkdudfwhul}dwlrq jlyhq
deryh lv hqrxjk wr dujxh wkdw wkh ryhudoo lqfhqwlyh vfkhph jhwv pruh h{wuhph=
Fruroodu|= Vxssrvh wkdw Ie+> h,  3 iru   H dqg Ie+> h,  3 rwkhuzlvh ;h1 Lq
sduwlfxodu/ wklv lv wkh fdvh zkhq i+> , lv vlqjohshdnhg dqg v|pphwulf ;h= Wkhq/ surgxfwlrq
;<
lv kljkhu wkdq wkh EP0txdqwlw| iru doo w|shv zlwk frqglwlrqdoo| h{shfwhg pdujlqdo frvwv ehorz
sulru h{shfwhg pdujlqdo frvwv dqg orzhu wkdq wkh EP0txdqwlw| rwkhuzlvh1
D vlplodu uhvxow kdv ehhq irxqg e| Fuhphu hw1do1 +4<<;d, lq d prgho zkhuh wkh djhqw fdq
dftxluh shuihfw nqrzohgjh dw d {hg frvw1 Iru wkhlu fdvh/ zkhq wkh djhqw kdv vshqg wkh
frvw/ kh shuihfwo| nqrzv wkh frvw sdudphwhu  vr wkdw zh pd| lghqwli| wkh frqglwlrqdo
h{shfwdwlrq  zlwk 1 Zh lqglfdwh wkh h{ dqwh glvwulexwlrq ri wkh frqglwlrqdo h{shfwdwlrq
ri dq lqiruphg djhqw zlwk I +> 4,  I +,= Li kh grhv qrw vshqg wkh frvw kh jdlqv qr
dgglwlrqdo lqirupdwlrq vr wkdw klv srvwhulru lv htxdo wr wkh sulru zlwk suredelolw| rqh dqg
khqfh I +> 3, @ 4wD.w= Frqvhtxhqwo|/
8eEwce
sEwce lv htxdo wr
8 Ew3w:.w
sEw dqg lw iroorzv wkdw wkh
frqwudfw kdv wkh vdph surshuwlhv dv wkh rqh lq wkh fruroodu|1
Dqrwkhu lpphgldwh frqfoxvlrq iurp sursrvlwlrq 61< lv wkdw lq wkh olplwhg udqjh ri w|shv
dw dqg ehorz wkh wrs wkh djhqw*v lqxhqfh rq wkh glvwulexwlrq ri w|shv lv lghqwlfdo wr wkh
rqh lq wkh lqyhvwphqw prgho1 Frqvhtxhqwo| wkh vdph sulqflsohv dsso| zkhq wkh qdwxuh
ri wkh lqfhqwlyh sureohp lv wkh vdph dv lq wkh lqyhvwphqw prgho + A 3,1 Djdlq/ iru wkh
uhpdlqghu ri wklv vhfwlrq zh lpsrvh=
Dvvxpswlrq= olpw<w
3
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sEwce A 3 ;h A 3= Li 
W A 3/ wkhq wkhuh
lv d glvwruwlrq dw wkh wrs1 Pruh suhflvho|/ wkhuh lv ryhusurgxfwlrq dw wkh wrs1 Li W ? 3
wkhq wkhuh lv hlwkhu d glvwruwlrq dw wkh wrs ru exqfklqj dw wkh wrs ru erwk1 Li wkhuh lv qr
exqfklqj dw wkh wrs wkhq wkhuh lv xqghusurgxfwlrq dw wkh wrs1
Wkh uvw sduw lv lghqwlfdo wr zkdw zh revhuyhg lq wkh glvfxvvlrq ri lqyhvwphqwv1 Frq0
vhtxhqwo|/ zh zloo rqo| frpphqw rq wkh qhz ihdwxuhv1 Li  ? 3 wkh sulqflsdo zdqwv wr
vwrs wkh djhqw iurp dftxlulqj pruh lqirupdwlrq1 Vlqfh kljkhu hruw pdnhv pruh h{wuhph
rxwfrphv pruh olnho| wkh sulqflsdo %sxqlvkhv% wkh h{wuhph phvvdjh 
3
= F1s1 wklv ohdgv wr
d uhgxfwlrq lq surgxfhg txdqwlw| dw wkh wrs1
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sEwce @ 4 ;h A 3= Li 
W A 3 wkhq/ dq rswlpdo
frqwudfw grhv qrw h{lvw1 Wkh sulqflsdo fdq uhdfk d sd|r wkdw lv duelwudulo| forvh +exw qhyhu
dfwxdoo| htxdo wr, klv sd|r iru wkh jlyhq lqirupdwlrq vwuxfwxuh I +> h, e| lpsohphqwlqj
wkh iroorzlqj frqwudfw=
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dqg h pd{lpl}hv wkh sulqflsdo*v sd|r iru revhuydeoh hruw1
Li W ? 3> wkhq dq rswlpdo frqwudfw vwloo h{lvwv1 Wkh frqwudfw lqyroyhv exqfklqj dw wkh wrs1
Sduw +l, ri wkh sursrvlwlrq lv lvrprusklf wr lwv frxqwhusduw lq wkh lqyhvwphqw frqwh{w vr zh
qhhg rqo| frpphqw rq sduw +ll,1 Frqwudu| wr wkh srvvlelolwlhv ri lqfuhdvlqj wkh djhqw*v hruw
fkrlfh wkh srvvlelolwlhv wr vwrs wkh djhqw iurp dftxlulqj pruh lqirupdwlrq duh olplwhg1 Wkh
pd{lpdoo| ihdvleoh sxqlvkphqw lv wr lpsohphqw }hur surgxfwlrq1 Sxw glhuhqwo|/ vlqfh wkh
djhqw pxvw eh zloolqj wr sduwlflsdwh h{ srvw/ wkh sulqflsdo fdqqrw lpsohphqw duelwudulo|
odujh +exw lqiuhtxhqw, sxqlvkphqwv1 Frqvhtxhqwo|/ qrq h{lvwhqfh sureohpv ri rswlpdo
vroxwlrqv ri wklv w|sh fdqqrw dulvh1 Pruhryhu/ wkh vroxwlrq zloo glvsod| exqfklqj dw wkh
wrs1 Zlwk dq dffxudwh lqihuhqfh dw wkh wrs wkh sulqflsdo zloo xvh wkh lqirupdwlrq dw wkh wrs
wr vwrs wkh djhqw iurp ohduqlqj1 Li wkhuh zdv qr exqfklqj dw wkh wrs/ e| prqrwrqlflw| ri
frqwudfwv/ wklv zrxog lpso| wkdw kh lpsohphqwv d yhu| orz ohyho ri surgxfwlrq iru doo w|shv1
Li wkh lqihuhqfh lv doprvw h{dfw dw wkh wrs wklv zrxog phdq wkdw wkh sulqflsdo lpsohphqwv
doprvw }hur surgxfwlrq wkurxjkrxw dqg wklv fdqqrw eh rswlpdo1
Sursrvlwlrq 6145 Vxssrvh wkdw olpw<w
3
8eEwce
sEwce @ 3 ;h A 3 exw wkdw olpw<w
3
seEwce
sEwce @ 4
;h A 3= Li W A 3> wkhq wkhuh lv exqfklqj dw wkh wrs1 Li lq dgglwlrq/ 
k
 . 8 Ewce
W
sEwceW  
W 8eEwce
W
sEwceW
l
<4
lv vlqjohshdnhg/ wkhq wkhuh lv d glvwruwlrq dw wkh wrs1 Pruh suhflvho|/ wkhuh lv ryhusurgxfwlrq
dw wkh wrs1 Li W ? 3 wkhq wkhuh lv qr glvwruwlrq dw wkh wrs1
Wkh lqwxlwlrq lv vwudljkwiruzdug1 Li olpw<w
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sEwce @ 4 lpsolhv d qrqprqrwrqlflw| lq wkh
frqwudfw iru wkh fdvh W A 3 wkhq lw pxvw lpso| wkdw wkh frqwudfw lv prqrwrqlf iru wkh
fdvh W ? 3= Li lq wxuq wkh frqwudfw lv prqrwrqlf dw wkh wrs/ wkhq rswlpdo surgxfwlrq lv
fkdudfwhul}hg e| Y^+t
W+
3
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3
dqg wkh frqfoxvlrq iroorzv1
. L?U*tL?
Zh kdyh glvfxvvhg wzr fdqrqlfdo h{dpsohv ohdglqj wr hqgrjhqrxv w|sh glvwulexwlrqv lq
surfxuhphqw sureohpv= surgxfwlylw| hqkdqflqj lqyhvwphqwv dqg ohduqlqj1 Lq d olplwhg
udqjh ri w|shv wkh lqxhqfh ri pdujlqdo fkdqjhv lq wkh ohyho ri lqyhvwphqwv ru wkh lqwhqvlw|
ri ohduqlqj zdv irxqg wr eh txdolwdwlyho| wkh vdph1 Frqvhtxhqwo| wkh vdph txdolwdwlyh
ihdwxuhv ri frqwudfwv dulvh1 Lq sduwlfxodu/ lqihuhqfh derxw xqrevhuyhg lqyhvwphqwv dqg
ohduqlqj pd| ohdg wr glvwruwlrqv dw wkh wrs dqg exqfklqj dw wkh wrs1 Wkh prvw lqwhuhvwlqj
glhuhqfh ehwzhhq wkh wzr h{dpsohv lv wkh qdwxuh ri wkh lqfhqwlyh sureohpv1 Zkloh wkh
sulqflsdo zloo dozd|v ehqhw iurp pdujlqdo lqfuhdvhv lq lqyhvwphqwv wkh djhqw*v wkluvw iru
nqrzohgjh pd| dovr eh h{fhvvlyh1 Sxw glhuhqwo|/ wkh djhqw h{huwv d srvlwlyh h{whuqdolw|
rq wkh sulqflsdo lq wkh lqyhvwphqw frqwh{w dqg wkh sulqflsdo sd|v wr kdyh wkh djhqw sduwo|
lqwhuqdol}h wklv h{whuqdolw|1 Lq frqwudvw/ wkh h{whuqdolw| pd| eh qhjdwlyh lq wkh ohduqlqj
frqwh{w dqg wkh sulqflsdo pljkw rswlpdoo| sd| wkh djhqw iru h{huwlqj ohvv hruw1
Rxu uhvxowv kdyh ehhq ghulyhg zlwklq d uvw rughu dssurdfk1 Lw lv lqwhuhvwlqj wr qrwh
wkdw wdnlqj vxfk dq dssurdfk lv ohvv uhvwulfwlyh lq wkh fxuuhqw vhwwlqj zlwk prudo kd}dug
dqg dgyhuvh vhohfwlrq ehlqj suhvhqw wkdq lq sureohpv zkhuh wkhuh lv rqo| prudo kd}dug1
Wkh uhdvrq lv txlwh vlpsoh= lq prudo kd}dug sureohpv lw lv ylwdo wr hqvxuh wkdw frqwudfwv
kdyh prqrwrqlflw| surshuwlhv1 Wklv lv dfklhyhg e| lpsrvlqj wkh Prqrwrqh Olnholkrrg
Udwlr Surshuw| +Urjhuvrq +4<;8,,1 Prqrwrqlflw| ri frqwudfwv wrjhwkhu zlwk d frqglwlrq
fdoohg Frqyh{lw| ri wkh Glvwulexwlrq Ixqfwlrq wkhq hqvxuhv wkdw wkh djhqw*v uvw rughu
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frqglwlrq lv vxflhqw iru dq rswlpxpS1 Krzhyhu/ POUS dqg FGIF/ hvshfldoo| zkhq
lpsrvhg wrjhwkhu / kdyh ehhq irxqg wr eh txlwh uhvwulfwlyh1 Lq frqwudvw/ prqrwrqlflw| lv
d qdwxudo surshuw| ri lqfhqwlyh frqwudfwv xqghu dv|pphwulf lqirupdwlrq +Jxhvqhulh dqg
Odrqw +4<;7,,1 Qrqprqrwrqlf frqwudfwv duh qrw lpsohphqwdeoh dq|krz1.
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Surri ri Ohppd 6141 Qrwh uvw wkdw h A 3 lv lpsrvhg vr wkdw I +, kdv d ghqvlw| i+,1
Wkh fdvh h @ 3 lv qhjohfwhg dqwlflsdwlqj wkh uhvxow wkdw wklv zrxog eh vxerswlpdo iurp
wkh sulqflsdo*v shuvshfwlyh1 Iru d irupdo surri ri wklv/ vhh sursrvlwlrq 616 +lqyhvwphqwv,
zkhuh wkh uhvxow iroorzv wulyldoo| iurp wkh qdwxuh ri wkh lqfhqwlyh sureohp dqg sursrvlwlrq
61; +ohduqlqj,1
Wkh uhpdlqghu ri wkh surri lv hvvhqwldoo| gxh wr Pluuohhv +4<:4,= Sulqflsdo dqg Djhqw kdyh
txdvlolqhdu xwlolwlhv/ vr wkdw wudqvihuv fdq eh vxevwlwxwhg rxw1 Wkhq rqh fdq wklqn ri wkh
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wkh hqyhorsh wkhruhp +e| wkh rswlpdolw| ri wkh djhqw*v uhsruw, lw iroorzv wkdw wkh djhqw*v
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Vlqfh tw+,  3 e| prqrwrqlflw| wkh sureohp lv vwulfwo| frqfdyh lq h= Wklv frpsohwhv wkh
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Surri ri Sursrvlwlrq 6161 Frqvlghu uvw wkh ghqrplqdwru ri +6149, wkh whup lq
eudfnhwv lv wkh vhfrqg rughu frqglwlrq ri wkh djhqw*v hruw fkrlfh/ khqfh qhjdwlyh1 Vlqfh
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Vlqfh Ie+> h,  3 wkh frqfoxvlrq iroorzv1 Wr vhh wkh hhfw rq surgxfhg txdqwlwlhv/ vlpso|
revhuyh wkdw  A 3 dqg Ie+> h,  3=
Surri ri Sursrvlwlrq 6171 Reylrxv iurp +618,1
Surri ri Sursrvlwlrq 6181 Iurp Sursrvlwlrq 617 wkhuh lv ryhusurgxfwlrq dw wkh wrs1
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Wkh frvw ri wkh lqfhqwlyh frqwudfw kdv wzr frpsrqhqwv1 Dgglwlrqdo uhqw frvwv dqg dg0
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wkh frqwudfw lq wkh sursrvlwlrq wkh sulqflsdo fdq lpsohphqw dq| hruw ohyho kh zdqwv vr
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Zkhuh wkh odvw htxdolw| iroorzv iurp wkh lqfhqwlyh frpsdwlelolw| frqglwlrq1 Reylrxvo|
olp
g<"
4
N
;?
=je+h,
] 7w
w
3
Ie+> h,t+,g
<@
> @ 3
vr wkdw wkh dgglwlrqdo uhqw frvw jrhv wr }hur1 Frqvlghu qrz wkh dgglwlrqdo sk|vlfdo sur0
gxfwlrq frvwv=
] w
3
n"
w
3
 ^at  t+,‘ i+> h,g=
Zh nqrz wkdw iru  forvh hqrxjk wr wkh wrs zh kdyh 8eEwce
sEwce A P= Frqvhtxhqwo|
] w
3
n"
w
3
 ^at  t+,‘ i+> h,g ?


3
. 
] w
3
n"
w
3
^at  t+,‘ i+> h,g ?


3
. 

P
] w
3
n"
w
3
^at  t+,‘Ie+> h,g
Qrz wkh dujxphqw fdq eh uhshdwhg dorqj wkh vdph olqhv dv iru wkh dgglwlrqdo uhqw frvwv1
Surri ri Sursrvlwlrq 61:1 Dv d suholplqdu| revhuyh wkdw zh uhtxluh wkdw erwk
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sEwce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Frqvhtxhqwo| wkhuh pxvw eh ryhusurgxfwlrq dw wkh wrs1 +Li wkhuh duh vhyhudo uhjlrqv ri
exqfklqj/ rqh fdqglgdwh vroxwlrq zrxog vhw doo glvwruwlrqv ryhu wkh lqglylgxdo exqfklqj
uhjlrqv vhsdudwho| htxdo wr }hur1 Lq vxfk d vroxwlrq wkhuh pxvw eh ryhusurgxfwlrq dw wkh wrs
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olp 7|
7^
<7w +Y +t,
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@ 31 Khqfh/ frqvlghulqj gw A 3 =
ET E7^37|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7|
7^
ce
7^ gw I +
7|
7^> h,gw
lv qrqsrvlwlyh li gI +
7|
7^> h, @ 3= Vlqfh e| dvvxpswlrq/ iru h vpdoo hqrxjk wkhuh lv qr pdvv
lq dq lqwhuydo deryh wkh erwwrp/ wkh frqfoxvlrq iroorzv= lpsohphqwlqj h @ 3 fdqqrw eh
rswlpdo=
Surri ri Sursrvlwlrq 61<1 Wkh djhqw*v dfwlrq lqgxfhv d phdq suhvhuylqj vsuhdg lq
wkh glvwulexwlrq ri = Wklv lpsolhv wkdw Ie+> h,  3 iru vrph upv lq ^
3
> ‘ dqg Ie+> h,  3
iru vrph upv lq ^2> ‘= Wkh frqfoxvlrq iroorzv hdvlo|1
Surri ri Fruroodu|1 wulyldo dqg rplwwhg1
Surri ri Sursrvlwlrq 61431 Iluvw sduw lv lghqwlfdo wr surri ri sursrvlwlrq 6171 Iru
wkh vhfrqg sduw/ qrwh wkdw li wkhuh lv qr exqfklqj wkh frqfoxvlrq iroorzv gluhfwo| iurp
+618,1 Li wkhuh lv exqfklqj vr wkdw w+,  3> e| frlqflghqfh zh frxog kdyh qr glvwruwlrq
dw wkh wr1 Krzhyhu/ wkhq e| ghqlwlrq wkhuh lv exqfklqj1
Surri ri Sursrvlwlrq 61441 Wkh uvw sduw lv lghqwlfdo wr sursrvlwlrq 6191 Wkh
vhfrqg sduw iroorzv iurp sursrvlwlrq 61431
Surri ri Sursrvlwlrq 61451 Wkh uvw sduw lv lghqwlfdo wr sursrvlwlrq 61:1 Wkh
vhfrqg sduw lv lq wkh wh{w1
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Wkh suhvhqw sdshu glvfxvvhv wkh lpsdfw ri qdqfldo frqwudfwlqj xqghu prudo kd}dug rq
lqgxvwu| g|qdplfv zkhq whfkqlfdo fkdqjh lv hqgrjhqrxv1 Pxfk ri wkh olwhudwxuh rq hqgrjh0
qrxv whfkqlfdo fkdqjh/ h1j1 Djklrq dqg Krzlww +4<<5/ 4<<;, ru Jurvvpdq dqg Khospdq
+4<<4,/ kdv lqgxvwu| g|qdplfv lqyroylqj ohdsiurjjlqj ri lqfxpehqwv e| lqqrydwlqj upv1
Vxfk ohdsiurjjlqj lv lqfrqvlvwhqw zlwk wkh revhuydwlrq wkdw lq pdq| lqgxvwulhv wkhuh duh d
ihz grplqdqw upv zkrvh grplqdqfh shuvlvwv wkurxjk ghfdghv zlwk vljqlfdqw whfkqlfdo
fkdqjh1
Zh vkrz wkdw vxfk shuvlvwhqfh fdq eh h{sodlqhg e| frqvwudlqwv rq qdqfldo frqwudfwlqj1
Wkhvh frqvwudlqwv surylgh dq devroxwh dgydqwdjh wr wkh lqfxpehqw up zklfk fdq uho| rq
lwv uhwdlqhg hduqlqjv wr qdqfh lwv lqqrydwlrqv1
Wkh frusrudwh qdqfh olwhudwxuh vxjjhvwv wkdw wkh delolw| wr vhoqdqfh lv dq lpsruwdqw
ghwhuplqdqw ri up lqyhvwphqw +Id}}dul hw1do1 +4<;;,,1 Vrph dxwkruv vxjjhvw wkdw wklv
lv ehfdxvh uhwdlqhg hduqlqjv wkhpvhoyhv duh wkh prvw lpsruwdqw vrxufh ri qdqfh +Pd|hu
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+4<;;,,1 Lw pd| dovr eh wkh fdvh wkdw uhwdlqhg hduqlqjv lqfuhdvh wkh upv* froodwhudo
dqg uhgxfh wkh djhqf| frvw ri ordq qdqfh +vhh Id}}dul hw1do1 +4<;;,, Lq hlwkhu fdvh/
lqfxpehqf| surylghv dq devroxwh dgydqwdjh lq rewdlqlqj qdqfh12 Wkh sdshu vkrzv wkdw
wklv dgydqwdjh pd| ryhufrph wkh xvxdo ohdsiurjjlqj hhfw dqg h{sodlq wkh shuvlvwhqfh ri
lqfxpehqf|1
Wkh edvlf srlqw lv uvw ghyhorshg lq wkh frqwh{w ri d vwdwlf prgho ri d sdwhqw udfh1 Wkh
prgho iroorzv Uhlqjdqxp +4<;5/ 4<;7, h{fhsw wkdw sod|huv kdyh glhuhqw lqlwldo zhdowk/
zkhuhe| wkh lqlwldo zhdowk srvlwlrq lv fruuhodwhg zlwk wkh sod|huv* vwduwlqj srvlwlrqv1 Rqh
sod|hu krogv d prqrsro| lq wkh pdunhw zkhuhdv wkh rwkhu sod|hu vwduwv iurp vfudwfk1 Wkh
lqfxpehqw kdv d ghhs srfnhw/ wkh rwkhu sod|hu qhhgv rxwvlgh ixqgv1
Lqfxpehqf| wkhq kdv wzr frxqwhuydlolqj hhfwv= vlqfh lqfuhphqwdo surwv duh orzhu iru
wkh lqfxpehqw/ kh kdv ohvv ri dq lqfhqwlyh wr lqyhvw lq uhvhdufk1 Wklv hhfw 0 ruljlqdoo|
gxh wr Duurz 0 kdv ehhq whuphg %uhsodfhphqw% hhfw1 Rq wkh rwkhu kdqg wkh lqlwldo
prqrsro| srvlwlrq fuhdwhv d ghhs srfnhw iru ixwxuh uhvhdufk/ zklfk lv lpsruwdqw lq d
zruog ri lpshuihfw fdslwdo pdunhwv1 Fkdoohqjhuv kdyh wr frqwudfw zlwk rxwvlgh vrxufhv
wr qdqfh wkhlu uhvhdufk h{shqglwxuhv1 Wklv frqwudfwlqj lv dhfwhg e| sureohpv ri prudo
kd}dug idploldu iurp wkh qdqfh olwhudwxuh +vhh Mhqvhq dqg Phfnolqj +4<:9,,= zh dvvxph
wkdw qdqfldo uhvrxufhv dv zhoo dv wkh hruwv ri hqwuhsuhqhxuv duh hvvhqwldo lqsxwv lq wkh
uhvhdufk surfhvv1 Wkh odwwhu/ krzhyhu/ duh xqrevhuydeoh wr wklug sduwlhv1 Lq wklv vhwxs d
fkdoohqjhu qdqfhg e| rxwvlgh ixqgv kdv lqvxflhqw lqfhqwlyhv wr wdnh hruw wr pdnh wkh
yhqwxuh jr1 Ehfdxvh rxwvlgh lqyhvwruv iruhvhh wklv ehkdylru/ wkh| zloo vxsso| ohvv ixqgv
wr wkh up1 Khqfh wkh ohvv lqvlgh qdqfh d up kdv wkh ohvv lw fdq lqyhvw1 Wklv prudo
kd}dug hhfw pd| rxwzhljk wkh uhsodfhphqw hhfw vr wkdw wkh lqfxpehqw zloo dfwxdoo|
ghyrwh pruh uhvrxufhv wr U)G wkdq wkh fkdoohqjhu1
Vxevhtxhqwo| wkh sdshu h{whqgv wkh dujxphqw wr d g|qdplf vhwxs1 Li prudo kd}dug hhfwv
duh vwurqj hqrxjk doo lqqrydwlrqv zloo frph iurp lqfxpehqw upv1 Wklv frqwudvwv zlwk wkh
ohdsiurjjlqj sdwwhuqv lq/ h1j1/ Djklrq dqg Krzlww +4<<5,1 Dq lqwhuhvwlqj qglqj lv wkdw
6Lh @ UL?|h@h) ic tii O@U!i|@* @?_ 5U4_| Ebbb
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wkhuh pd| zhoo eh d qhjdwlyh lpsdfw ri prudo kd}dug rq jurzwk dowkrxjk dfwxdo lqqrydwruv
wkhpvhoyhv idfh qr qdqfldo sureohpv1 Wkh jurzwk uhwduglqj hhfw zrunv wkurxjk wkh
pdunhw= ehfdxvh srwhqwldo lqqrydwruv duh qdqfldoo| frqvwudlqhg/ wkh frpshwlwlyh wkuhdw
iru wkh lqfxpehqw upv lv zhdn dqg lqfxpehqwv fdq lqqrydwh ohvv riwhq zlwkrxw ihdu ri
ehlqj uhsodfhg/ l1h1 wkh| %fdq uhvw rq wkhlu odxuhov%1
Uhwdugdwlrq ri jurzwk wkurxjk djhqf| sureohpv kdv dovr ehhq glvfxvvhg e| Djklrq/ Gh0
zdwulsrqw dqg Uh| +4<<9,1 Lq wkhlu prgho pdqdjhuv wdnh lqvxflhqw hruw iru uhvhdufk
dqg ghyhorsphqw1 Lq wkh suhvhqw prgho lqvxflhqf| ri lqfhqwlyhv iru hruw wdnhq lv dovr
lpsruwdqw exw wklv lqvxflhqf| dulvhv hqgrjhqrxvo| iurp wkh qhhg ri hqwuhsuhqhxuv wr
rewdlq rxwvlgh qdqfh1 Khuh/ djhqf| sureohpv qrw rqo| dhfw wkh lqfhqwlyhv ri srwhqwldo
frpshwlwruv exw dovr wkh lqfhqwlyhv ri lqfxpehqwv1 Jlyhq wkdw lqfxpehqf| shuvlvwv/ wkh
odwwhu lv zkdw pdwwhuv iru htxloleulxp jurzwk1
Wkh shuvlvwhqfh ri prqrsrolhv kdv dovr ehhq vwxglhg e| Jloehuw dqg Qhzehuu| +4<;5/4<;7,1
Lq wkhlu dqdo|vlv shuvlvwhqfh lv vxssruwhg e| suhhpswlyh sdwhqwlqj1 Suhhpswlrq ri sdwhqwv
sod|v qr uroh lq wkh suhvhqw sdshu1 Wkh srlqw ri wkh dqdo|vlv khuh lv wkdw hyhq lq wkh
devhqfh ri suhhpswlyh sdwhqwlqj wkh sureohpv dvvrfldwhg zlwk qdqfldo frqwudfwlqj fdq
holplqdwh ohdsiurjjlqj1
Wkh uhvw ri wkh sdshu lv vwuxfwxuhg dv iroorzv= Wkh qh{w sdudjudsk suhvhqwv wkh prgho1
Lq vhfwlrq 716/ wkh Qdvk Htxloleulxp ri wkh jdph zlwkrxw dq| qdqfldo uhvwulfwlrqv lv
fkdudfwhul}hg1 Vhfwlrq 717 lqwurgxfhv prudo kd}dug dqg qdqfldo uhvwulfwlrqv lqwr wkh
prgho1 Wklv fdq fkdqjh wkh frqfoxvlrqv rq wkh fkdudfwhulvwlfv ri wkh Qdvk htxloleulxp ri
wkh jdph +vhfwlrq 718,1 Vhfwlrq 719 h{whqgv wklv uhvxow wr d g|qdplf jurzwk prgho lq wkh
vslulw ri Djklrq dqg Krzlww +4<<5,1 Wkh qdo vhfwlrq frqfoxghv1
e2 Ai 4L_i*
Wkh prgho lv d vlpsoh vwdwlf htxlydohqw ri Djklrq dqg Krzlww +4<<5,1Wkhuh duh wzr upv
dqg wzr shulrgv1 Rqh ri wkh upv/ wkh lqfxpehqw/ lv douhdg| lq wkh pdunhw pdnlqj d
prqrsro| surw = Wkh rwkhu up/ fdoohg wkh fkdoohqjhu khqfhiruwk/ lqlwldoo| surgxfhv
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qrwklqj1 Gxulqj shulrg rqh wkh| erwk udfh iru vrph frvw uhgxflqj lqqrydwlrq zklfk zrxog
eulqj grzq wkh frqvwdqw pdujlqdo frvw ri surgxfwlrq iurp wkh lqlwldo kljk ohyho f wr d orzhu
ohyho f
3
= Wkh lqqrydwlrq lv gudvwlf/ phdqlqj wkdw s6+f
3
, ? f ru lq zrugv= li wkh vxffhvvixo
lqqrydwru vhwv lwv prqrsro| sulfh/ wkh suhylrxv surgxfhu lv qr pruh deoh wr frpshwh1
Ohw 2 ghqrwh wkh surw ri wkh surgxfhu zlwk pdujlqdo frvwv f
3
vhwwlqj klv prqrsro| sulfh
s6+f
3
, lq shulrg wzr1 Ohw 2 A  A 3=
Uhvhdufk lv wdnlqj sodfh gxulqj wkh uvw shulrg1 Surgxfwlrq zlwk wkh vxshulru whfkqrorj|
fdqqrw ehjlq ehiruh wkh vhfrqg shulrg1 Li rqh ri wkh upv lv vxffhvvixo dorqh/ wkhq lw
uhfhlyhv d sdwhqw iru wkh uhvw ri doo +prgho0, wlph1 Li qrerg| lv vxffhvvixo lq wkh uhvhdufk
ode wkh lqfxpehqw fdq vwloo surgxfh zlwk klv kljk0frvw whfkqrorj|1 Li erwk frpshwlwruv duh
vxffhvvixo lw vkdoo eh dvvxphg wkdw wkh lqqrydwlrq lv wuhdwhg dv frpprqdeoh dqg khqfh qrw
sdwhqwdeoh1 Vkrxog wklv kdsshq/ wkh sod|huv hqjdjh lq Ehuwudqg frpshwlwlrq dqg pdnh
}hur surwv1e
Uhpdun 714 Sdwhqw udfhv dv zhoo dv wkh qhz jurzwk wkhrulhv duh xvxdoo| prghoohg lq
frqwlqxrxv wlph1 Wklv kdv wkh dgydqwdjh wkdw wkh hyhqw ri erwk sod|huv %zlqqlqj% wkh udfh
dw wkh vdph wlph lv ri phdvxuh }hur1 Wkhuhiruh lw lv dffrxqwhg iru lq wkh sd|r ixqfwlrqv
rqo| zlwk suredelolw| }hur1 Wkh Ehuwudqg dvvxpswlrq hqvxuhv/ wkdw wkh hyhqw %erwk zlq%
uhfhlyhv wkh vdph %zhljkw% lq wkh suhvhqw vwdwlf irupxodwlrq dv lw grhv lq frqwlqxrxv wlph1
Wkh jurvv sd|rv ri wkh wzr frpshwlwruv duh wkxv jlyhq e| wkh iroorzlqj pdwul{= Doo
yduldeohv zlwk vxevfulsw f ghqrwh wkh fkdoohqjhuv fkrlfhv zkloh vxevfulsw L vwdqgv iru Lq0
fxpehqw1
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Hyhqw suredelolw| Fkdoo*v Sd|r Lqf*v Sd|r
erwk idlo +4 sS,+4 sU, 3 
Lqf1 zlqv +4 sS,sU 3 2
Fkdoo1 zlqv sS+4 sU, 2 3
erwk %zlq% sSsU 3 3
Uhvhdufk whfkqrorjlhv= Ghflvlrqv derxw uhvhdufk duh rqfh dqg iru doo1 Lq rughu wr eh
vxffhvvixo lq wkh uhvhdufk ode lqqrydwruv kdyh wr vshqg prqh| L +lqyhvw, dqg hruw h1
Vxffhvv suredelolwlhv dqg lqsxwv duh olqnhg e| wkh iroorzlqj Free0Grxjodv whfkqrorj|=
s @ eh
k
 L
3k
 > m @ f> L> 5 ^3> 4‘ > h> L  3= +714,
Wkh lqwhuhvw udwh +rssruwxqlw| frvw ri ixqgv, lv }hur1 Hruw lv sulydwho| frvwo|1 Vshqglqj
hruw h jhqhudwhv qrqprqhwdu| frvwv e
2
2 = e lv d vfdoh idfwru1 +vhh ehorz,
Wkh jlyhq vlwxdwlrq fruuhvsrqgv wr d qrqfrrshudwlyh jdph lq zklfk wkh fkdoohqjhu dqg
wkh lqfxpehqw dv vwudwhjlf sod|huv fkrrvh uhvhdufk vxffhvv suredelolwlhv +dqg dvvrfldwhg
lqsxwv,1 Dv d uvw ehqfkpdun/ wkh jdph zloo eh dqdo|}hg xqghu wkh dvvxpswlrq wkdw erwk
sod|huv kdyh ghhs srfnhwv dqg prudo kd}dug lv qrw dq lvvxh1 Wkh sd|r ixqfwlrqv lq wklv
jdph duh wkhq jlyhq e| 715 iru wkh fkdoohqjhu dqg 716 iru wkh lqfxpehqw=
ehkS L
3k
S +4 sU,2  LS 
h2S
5
+715,
+4 sS, . eh
k
U L
3k
U +4 sS,+2  , LU 
h2U
5
+716,
Sursrvlwlrq 714 Wkh vwudwhjlf jdph ehwzhhq wkh fkdoohqjhu dqg wkh lqfxpehqw/ vxppd0
ul}hg e| wkh sd|r ixqfwlrqv 715 dqg 716 kdv d Qdvk htxloleulxp lq sxuh vwudwhjlhv1
Surri= D vxffhvv suredelolw| pxvw vdwlvi| wkh uhvwulfwlrq s  4> m @ f> L= Ohw  > m @ f> L
438
eh wkh pxowlsolhu rq wklv frqvwudlqw dqg ohw eU dqg 
U
U eh wkh pxowlsolhuv rq wkh frqvwudlqwv
hU > LU  31 Wkh vroxwlrq wr wkh rswlpl}dwlrq sureohp ri wkh lqfxpehqw pxvw vdwlvi| wkh
Nxkq Wxfnhu qhfhvvdu| frqglwlrqv=
Irfe = +4 U,eh
k3
U L
3k
U +4 sS,+2  , hU . 
e
U
-
@ 3 +717,
IrfU = +4 U,e+4 ,h
k
U L
3k
U +4 sS,+2  , 4 . 
U
U
-
@ 3 +718,
UULU @ 
e
UhU @ U+eh
k
S L
3k
S  4,
-
@ 3 +719,
Vroylqj wkhvh htxdwlrqv +dqg wkh dqdorjrxv rqhv iru wkh fkdoohqjhu,/ jlyhv wkh ehvw uhvsrqvh
ixqfwlrq ri wkh lqfxpehqw dqg wkh fkdoohqjhu/ uhvshfwlyho|
sU @ plq
q
+4 ,
2E3k
k e
2
k +2  ,
23k
k +4 sS,
23k
k > 4
r
+71:,
sS @ plq
q
+4 ,
2E3k
k e
2
k2
23k
k +4 sU,
23k
k > 4
r
+71;,
zklfk ghqh d frqwlqxrxv pds ^3> 4‘2 $ ^3> 4‘2= Wklv pds pxvw kdyh d {hg srlqw= vwudwhj|
vhwv duh qrqhpsw| frpsdfw frqyh{ vxevhwv ri U2/ wkh sd|r ixqfwlrqv duh frqwlqxrxv lq
wkh rssrqhqwv dfwlrqv dqg frqfdyh lq wkh rzq dfwlrqv1 Khqfh wkhruhp 415 Ixghqehuj dqg
Wluroh +4<<8,dssolhv1D
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 Qrwdwlrq= Wr vdyh rq vsdfh/ ohw khqfhiruwk  =@ +4,
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k e
2
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"2> fU =@ +2  ,
">  =@ Z23Z
Z2
>  =@ "=
Qrwh wkdw  A 3,  ? 4,  ? 4, fU @ fS ? fS1
Uhpdun 715 D714 vhuyhv wzr sxusrvhv= Iluvw/ lw h{foxghv erxqgdu| vroxwlrqv lq 71: dqg
71;/ khqfh 3  sW+s, ? 4> l> m @ L> f> l 9@ m= Vhfrqg/ lw hqvxuhv +vhh ohppd 4 ehorz,
xqltxhqhvv ri wkh Qdvk htxloleulxp1 Lw lv lpsruwdqw wr qrwh/ wkdw D714 lv d vxflhqw qrw d
qhfhvvdu| frqglwlrq wr uhdfk wkhvh hqgv1 Wkhuhiruh wkh iroorzlqj uhvxowv fdq uhdvrqdeo| eh
h{shfwhg wr krog iru d eurdghu vhw ri sdudphwhuv1 Khxulvwlfdoo|/ uhvwulfwlqj e wr eh vpdoo/
mxvw phdqv wkdw krzhyhu kdug |rx zrun/ |rx fdq qhyhu eh vxuh wr uhdfk vxffhvv1
Lq ylhz ri wkh vlpsolhg qrwdwlrq/ wkh ehvw uhvsrqvh ixqfwlrqv fdq qrz eh h{suhvvhg dv
sU @ fU+4 sS,
" +71<,
sS @ fS+4 sU,
" +7143,
Dsshqgl{ D hvwdeolvkhv/ wkdw D714, 4 A fS> fU = Qrwh dovr wkdw fS A fU $ Exw wkhq/ wkh
vroxwlrqv wr wkh v|vwhp 71< dqg 7143 ghqh wkh {hg srlqw+v, ri d frqwlqxrxv pds ri ^3> fS‘
2
lqwr ^3> fS‘
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Ohppd 714 Xqghu Dvvxpswlrq D714 wkh Qdvk htxloleulxp ri wkh vlpxowdqhrxv pryh jdph
lv xqltxh1
Surri= Dffruglqj wr v|vwhp 71< dqg 7143 Qdvk0htxloleuld ri wkh jdph duh vroxwlrqv wrS
sU @ fU+4 fS+4 sU,
"," +7144,
Xqltxhqhvv uhtxluhv wkdw wkh ixqfwlrq i @ fU+4  fS+4  sU,
"," kdv rqo| rqh {hg srlqw1
Su ULhtic | _Lit ?L| 4@||ihc i|ih i ti@hU uLh @  i_ TL?| ? RU Lh RS t?Ui ML| uLh4*@|L?t
UL?|@? |i t@4i ?uLh4@|L?G L?Ui |i tL*|L? ? RU t uL?_c |i tL*|L? ? RS U@? Mi hi@_ _hiU|*) uhL4
|i hi@U|L? u?U|L? ef
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Frqvlghu wkh vorsh ri i =
Ci
CsU
@ +4 fS+4 sU,
","3+4 sU,
"3fSfU
D vxflhqw frqglwlrq iru wkh xqltxhqhvv frqfoxvlrq lv wkdw wkh uljkw kdqg vlgh ri wklv
htxdwlrq lv vpdoohu wkdq rqh hyhu|zkhuh1 Wklv lv zkdw zh qrz vkrz= Surfhhglqj whup
e| whup/ revhuyh uvw wkdw sU 5 ^3> fS‘ , i4 fS+4 sU,
"j 5 ^4  fS> 4  fS+4  fS,"‘=
Khqfh i4 fS+4 sU,
"j ? 4> ;sU 5 ^3> fS‘1 Wrjhwkhu zlwk   4 A 3 wklv lpsolhv wkdw
+4 fS+4 sU,
","3 ? 4=
Qh{w/ revhuyh wkdw sU 5 ^3> fS‘, +4sU,
"3 ? 4= Dsshqgl{ E qdoo| surylghv d surri wkdw
D714, fS> fU ? 4>; 5 ^3> 4‘= 
Dq dqdo|vlv ri wkh jdph zlwkrxw d uhvwulfwlrq rq d xqltxh htxloleulxp zrxog eh lqwhuhvwlqj
lq lwv rzq oljkw1 Wkh uhvwulfwlrq rq xqltxhqhvv zloo eh glvfxvvhg uljkw diwhu Sursrvlwlrq
715 ehorz1 Wkurxjkrxw wkh dqdo|vlv/ zh pdnh uhshdwhg xvh ri d uhvxow rq prqrwrqh
frpsdudwlyh vwdwlfv/ zklfk vkdoo wkhuhiruh eh uhvwdwhg khuh iru frpsohwhqhvv=
Ohppd 715 Ohw i+s> , = ^3> fS‘P $ U> zkhuh P lv dq| sduwldoo| rughuhg vhw dqg zkhuh
i+3> ,  3 dqg i+fS> ,  3= Vxssrvh wkdw iru doo  5 P> i lv frqwlqxrxv lq s1 +Wkhq
wkhuh h{lvwv d vroxwlrq wr wkh htxdwlrq i+s> , @ 3=, su+,  lqi is mi+s> ,  3j lv wkh
orzhvw vroxwlrq ri i+s> , @ 3 dqg sM+,  vxs is mi+s> ,  3j lv wkh kljkhvw vroxwlrq1
Vxssrvh ixuwkhu wkdw iru doo s 5 ^3> fS‘> i lv prqrwrqh qrqghfuhdvlqj lq 1 Wkhq su+,
dqg sM+, duh prqrwrqh qrqghfuhdvlqj iru doo  5 P= Li i lv vwulfwo| lqfuhdvlqj lq >
wkhq su+, dqg sM+, duh vwulfwo| lqfuhdvlqj1
Surri = Plojurp dqg Urehuwv +4<<7, Wkhruhp 41
Zlwk wkhvh wzr ohppdv lq kdqgv/ zh duh qdoo| uhdg| wr vwdwh wkh fhqwudo uhvxow rq wkh
vwuxfwxuh ri wkh Qdvk htxloleulxp zkhq erwk sod|huv kdyh ghhs srfnhwv1.
.At hit*| t !?L? ih) i** uhL4 +i?}@?4 EbH t |i 4i|L_ Lu |i ThLLu ** Mi ti_
hiTi@|i_*)c |i hit*| t hit|@|i_ @| |t TL?|
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Sursrvlwlrq 715 Lq wkh Qdvk Htxloleulxp ri wkh vlpxowdqhrxv pryh jdph/ wkh fkdoohqjhu
lqyhvwv pruh dqg h{huwv pruh hruw dqg wkxv kdv d kljkhu vxffhvv suredelolw| wkdq wkh
lqfxpehqw1
Surri= Wkh surri zloo surfhhg lq wkuhh vwhsv= Vwhs +l, yhulhv wkdw doo frqglwlrqv lq
ohppd 715 duh vdwlvhg1 Lq vwhs +ll, zh zloo fkdudfwhul}h wkh htxloleulxp iru wkh fdvh
 @ 3 + @ 4,1 Ilqdoo| lq vwhs +lll, zh zloo fkdudfwhul}h wkh zd| wkh htxloleulxp fkdqjhv
li  A 3 + ? 4,=
Vwhs +l,= Frqvlghu wkh ixqfwlrq
j+sU > , @ fS+4 fS+4 sU,
","  sU +7145,
Zh kdyh
j+3> , @ fS+4 fS,
"  3
dqg
j+fS> , @ fS+4 fS+4 fS,
","  fS  3
Iru doo  5 P j lv frqwlqxrxv lq s= Zh douhdg| nqrz/ wkdw d vroxwlrq pxvw h{lvw1 Qrwh
wkdw xqltxhqhvv lpsolhv wkdw
vxs is mi+s> ,  3j  sM+, @ su+,  lqi is mi+s> ,  3j
Wklv yhulhv/ wkdw j kdv wkh ghvluhg surshuwlhv1
Vwhs +ll,= Vxssrvh/ wkdw  @ 3 dqg khqfh++ @ 3, @ 4,= Wkhq wkh vxffhvv suredelolw|
ri wkh lqfxpehqw lq wkh xqltxh htxloleulxp ri wkh jdph pxvw vdwlvi|
j+sU > 4, @ 4fS+4 fS+4 sU,
","  sU @ 3
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Fohduo|/ rqh frxog qg wkh htxloleulxp htxlydohqwo| e| orrnlqj iru d {hg srlqw lq sS= Wklv
{hg srlqw pxvw vdwlvi|
k+sS> 4, @ fS+4 4fS+4 sS,
","  sS @ 3
Ohw asS eh d vroxwlrq wr k+sS> 4, @ 3 dqg ohw asU eh d vroxwlrq wr j+sU > 4, @ 31 Vxssrvh wkhq
wkdw asS 9@ asU = Vlqfh k+sS> 4,  j+sU > 4, wklv frqwudglfwv ohppd 7141 Khqfh asS @ asU =
Frqvlghu qdoo| wkh jhqhudol}hg {hg srlqw pds/ sdudphwhul}hg e| +, =
j+sU > , @ +,fS+4 fS+4 sU,
","  sU
Vlqfh  A 3 ,  ? 4 zh nqrz wkdw j+sU > +,, ? j+sU > 4, iru doo  A 3= E| ohppd
714 dqg 715/ zh nqrz wkhq wkdw asU+, ? asU+4, iru doo  A 3= Vlqfh vwhs +ll, hvwdeolvkhg
v|pphwu| ri wkh Qdvk htxloleulxp iru  @ 3 dqg e| wkh idfw wkdw vxffhvv suredelolwlhv
duh vwudwhjlf vxevwlwxwhv lw iroorzv wkdw asS+, A asU+, iru doo  A 3=
Ehfdxvh wkh lqfxpehqw zrxog olnh wr uhvw rq klv odxuhov/ kh hqgv xs lqyhvwlqj ohvv/ vshqglqj
ohvv hruw dqg kh wkhuhiruh dovr surgxfhv d orzhu vxffhvv suredelolw| wkdq klv ulydo grhv1
Wklv lv ehfdxvh wkh rqo| zd| wr jhw lq wkh srvlwlrq wr pdnh wkh kljkhu surw 2 lv wr ghvwur|
klv rzq prqrsro| dqg khqfh orrvh = Lq ylhz ri wklv vlpsoh orjlf/ lw pljkw vhhp rgg/ wr
lpsrvh vxfk vwurqj frqglwlrqv dv Dvvxpswlrq 714 wr hqvxuh xqltxhqhvv1 Krzhyhu/ zlwkrxw
xqltxhqhvv rqh fdq jr qr ixuwkhu wkdq wkh jhqhudo vwdwhphqw lq ohppd 715= wkh orzhvw dqg
wkh kljkhvw {hg srlqw lq sU zloo erwk eh orzhu lq d jdph zlwk  A 3 frpsduhg wr d jdph
zlwk  @ 3= Wkxv/ wkh frqfoxvlrq wkdw wkh lqlwldo frqglwlrq  A 3 sxwv wkh lqfxpehqw
dw d vwudwhjlf glvdgydqwdjh lq wkh U)G udfh iru d gudvwlf surgxfw lqqrydwlrq lv txlwh
urexvw dqg jhqhudo1 Krzhyhu/ iurp wklv rqh fdqqrw frqfoxgh/ wkdw doo Qdvk htxloleuld duh
dv|pphwulf lq idyru ri wkh fkdoohqjhu1 Vlqfh lw lv wklv dv|pphwu| suhglfwlrq ri wkh jurzwk
dqg sdwhqw udfh olwhudwxuh wkdw wkh sdshu wdujhwv/ L kdyh fkrvhq wr vdfulfh jhqhudolw| lq
idyru ri fodulw| ri wkh uhvxowv1
Wkh dv|pphwu| uhvxow kdv d forvh sdudooho lq wkh Vfkxpshwhu jurzwk wkhru|1 Dw wkh
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khduw ri zkdw kdv ehhq whuphg wkh fuhdwlyh ghvwuxfwlrq phfkdqlvp olhv wkh uhsodfhphqw
ru Duurz hhfw= ehfdxvh lqfxpehqwv douhdg| pdnh prqrsro| surwv/ wkhlu lqfhqwlyhv wr
frqgxfw uhvhdufk duh dozd|v orzhu wkdq wkh rxwvlghuv* lqfhqwlyhv1 Wr pdnh pdwwhuv vlpsoh/
prghov olnh Djklrq dqg Krzlww +4<<5, ru Jurvvpdq dqg Khospdq +4<<4, dqg doprvw hyhu|
rwkhu sdshu lq wkh hog/ dvvxph d olqhdu +ru frqvwdqw uhwxuqv wr vfdoh, uhvhdufk whfkqrorj|1
Wrjhwkhu zlwk d iuhh hqwu| frqglwlrq lqwr wkh uhvhdufk exvlqhvv wklv jlyhv d qlfh Duelwudjh
frqglwlrq/ zklfk kdv wr eh ixooohg dw hdfk lqvwdqw lq wlph1 Wkh sulfh ri wkh rqo| uhvrxufh
ri wkh hfrqrp|/ oderu/ lv elg xs lq wkh jhqhudo htxloleulxp vxfk wkdw lqfxpehqwv zrxog
pdnh orvvhv/ zhuh wkh| wr gr uhvhdufk1 Doo lq doo wklv surgxfhv wkh zhoo nqrzq edqj edqj
uhvxow wkdw rqo| wkh fkdoohqjhuv lqyhvw prqh| lq uhvhdufk dqg wkdw lw lv rqo| d txhvwlrq ri
zkhq dqg qrw ri li wkh lqfxpehqw orvhv klv exvlqhvv1
Zkloh lq Djklrq dqg Krzlww lw lv vxuh wkdw vrph fkdoohqjhu zloo zlq wkh udfh/ lq wkh suhvhqw
prgho wklv krogv rqo| wuxh %rq dyhudjh%1 Wklv glhuhqfh lq uhvxowv kdv pdlqo| wzr uhdvrqv=
wkh sduwldo htxloleulxp shuvshfwlyh ri wkh suhvhqw prgho dqg wkh vwulfwo| frqyh{ hruw frvwv1
Dowkrxjk wkh uhvhdufk whfkqrorj| khuh lv hvvhqwldoo| wkh vdph dv lq Djklrq dqg Krzlww
+4<<5, 0 d frqvwdqw uhwxuqv wr vfdoh ixqfwlrq 0 lwv lpsolfdwlrqv duh vwulnlqjo| glhuhqw lq wkh
suhvhqw sduwldo htxloleulxp prgho= dv orqj dv wkh ulydo grhv qrw zlq zlwk suredelolw| rqh
wkh rswlpl}lqj fkrlfhv ri hruw dqg lqyhvwphqw zloo dozd|v eh vwulfwo| srvlwlyh/ krzhyhu
vpdoo wkh| wxuq rxw wr eh1 Wkhuhiruh wkh lqfxpehqw*v vxffhvv suredelolw| lv erxqghg dzd|
iurp }hur dv orqj dv wkh fkdoohqjhu grhv qrw fkrrvh wr rshudwh dw vxffhvv suredelolw| rqh1
Vhfwlrq 719 uhod{hv erwk dvvxpswlrqv1 Wkhuh lv d wklug glhuhqfh ehwzhhq wkh prghov= wkh
qxpehu ri hqwudqwv1 Wkh iuhh hqwu| dvvxpswlrq lq wkh jurzwk olwhudwxuh ri frxuvh dvvxphv/
wkdw wkhuh lv dq lqqlwh dprxqw ri fkdoohqjhuv oxunlqj durxqg zkloh wkh suhvhqw sdshu
kdv vr idu ehhq zrunlqj zlwk rqo| rqh ri wkhp1 Krzhyhu/ lw lv lpphgldwh wr jhqhudol}h
sursrvlwlrq 715 wr d jdph zlwk pdq| hqwudqwv dqg rqh lqfxpehqw up=
Sursrvlwlrq 716 +l,Wkh h{whqghg vlpxowdqhrxv pryh jdph zlwk pdq| hqwudqwv kdv d
xqltxh Qdvk htxloleulxp lq sxuh vwudwhjlhv lq zklfk hdfk fkdoohqjhu fkrrvhv wkh vdph
suredelolw|1 +ll,Wkh vxffhvv suredelolw| ri hdfk fkdoohqjhu lv eljjhu wkdq wkh vxffhvv sured0
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elolw| ri wkh Lqfxpehqw1 +lll, Dv wkh qxpehu ri fkdoohqjhuv jrhv rxw ri erxqgv/ sU jrhv wr
}hur1
Surri= +l, Sd|r ixqfwlrqv duh vwloo dv uhtxluhg lq wkh surri ri sursrvlwlrq 7141 Wkxv d
Qdvk H{lvwhqfh lq sxuh vwudwhjlhv h{lvwv1 Frqvlghu wkh ehvw uhvsrqvh ixqfwlrqv ri dq| wzr
uhsuhvhqwdwlyh +wkh k| dqg wkh l|, rxw ri q Fkdoohqjhuv=
sS @ fS+4 sS,
"T?
’
 ’c
+4 sS,
"+4 sU,
" +7146,
sS @ fS+4 sS,
"T?
’
 ’c
+4 sS,
"+4 sU,
" +7147,
Ohw I =@
T?
’
 ’c
+4  sS,
"+4  sU,
" dqg ohw sS> m @ 4> ===> q> m 9@ l> k dqg sU eh {hg dqg
h{rjhqrxv iru wkh prphqw1 Xqghu wklv uhvwulfwlrq sS pxvw vdwlvi|
sS @ fS+4 fS+4 sS,
"I ,"I
zkloh sS pxvw vdwlvi|
sS @ fS+4 fS+4 sS,
"I ,"I
Ohw asS dqg asS eh vroxwlrqv ri wkhvh htxdwlrqv1 Exw wkhq/ vlqfh I ? 4 asS @ asS djdlq
e| ohppd 7141 Vlqfh l> k zkhuh slfnhg duelwudulo|/ wklv pxvw eh wuxh iru dq| wzr ri wkh
fkdoohqjhuv/ khqfh iru doo ri wkhp1 Ixuwkhupruh vlqfh wklv lv wuxh iru dq| I ? 4 lw pxvw
dovr eh wuxh iru I @
T?
’
 ’c
+4 asS,"+4 asU,
"/ wkrvh ydoxhv wkdw duh fkrvhq lq htxloleulxp1
Wklv suryhv sS @ sS @ sS> l> k @ 4> ===> q1
+ll, Frqvlghu qrz wkh ehvw uhvsrqvh ixqfwlrqv ri dq| fkdoohqjhu l dqg wkh Lqfxpehqw/
djdlq kroglqj {hg wkh fkrlfhv ri doo rwkhu fkdoohqjhuv dw wkh hqgrjhqrxvo| ghwhuplqhg
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htxloleulxp ydoxhv=
sU @ fU+4 sS,
"E?3+4 sS,
" +7148,
sS @ fS+4 sS,
"E?3+4 sU,
" +7149,
Wkh idfw wkdw asU ? asS @ sS wkhq iroorzv iurp wkh surri ri Sursrvlwlrq 7151
+lll, Wdnh olplwv lq 7148 dqg 7149 dv q $ 4> zh vhh/ wkdw sU klwv wkh %}hur olqh% vrrqhu
wkdq sS> ehfdxvh fU ? fS dqg +4  sS,
" ? +4  sU,
" +ehfdxvh sU ? sS,1 Iru odujh hqrxjk
q wkh lqfxpehqw*v vxffhvv suredelolw| lv wkhq dssur{lpdwho| }hur zkloh wkh fkdoohqjhuv*
vxffhvv suredelolwlhv duh vwloo vwulfwo| srvlwlyh1
ee Lh@* O@3@h_G Ai W4T@U| Lu |t_i 6?@?U?} ii_t
Lu |i @**i?}ih
Wkh odvw vhfwlrq wuhdwhg erwk wkh lqfxpehqw dqg wkh fkdoohqjhu+v, rq htxdo irrwlqj= Erwk
zhuh dvvxphg wr kdyh ghhs srfnhwv ru 0 htxlydohqwo| 0 fdslwdo pdunhwv zhuh dvvxphg wr
eh shuihfw1 Krzhyhu/ li d zruog ri lpshuihfw fdslwdo pdunhwv lv frqvlghuhg/ lw wxuqv rxw
wkdw wkh prgho kdv d qdwxudo dv|pphwu| exlow lq= zkloh wkh lqfxpehqw fdq qdqfh klv
lqyhvwphqwv rxw ri uhwdlqhg hduqlqjv/ wkh fkdoohqjhu fdqqrw1 Dvvxplqj ixuwkhu rq wkdw
wkh fkdoohqjhu kdv qr zhdowk dw doo kh kdv wr frqwudfw zlwk rxwvlgh qdqflhuv iru qdqfldo
uhvrxufhv1 Wkh iroorzlqj vhw ri dvvxpswlrqv lv lpsrvhg lq wkh vhtxho=
 Dvvxpswlrq D715= +ghhs srfnhw,  A +4 ,
23k
k ie+2  ,j
23k
k
D715 vd|v wkdw wkh hqgrjhqrxvo| fkrvhq khljkw ri lqyhvwphqw lv lq doo fdvhv/ l1h1 hyhq li
wkh fkdoohqjhu vkrxog devwdlq iurp grlqj uhvhdufk dowrjhwkhu/ vpdoohu wkdq wkh dprxqw ri
uhwdlqhg hduqlqjv wkh lqfxpehqw kdv1
 Dvvxpswlrq D716= +Lqirupdwlrq, Hruw fkrlfh lv qrw revhuydeoh dqg khqfh qrw frq0
wudfwleoh1 Dsduw iurp wklv hyhu|wklqj hovh lv revhuydeoh dqg frqwudfwleoh1
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Wkxv wkh vrxufh ri prudo kd}dug lv wkh fkdoohqjhu*v hruw fkrlfh1 Qrwh krzhyhu/ wkdw wkhuh
lv qr rwkhu vrxufh ri prudo kd}dug1 Lq sduwlfxodu/ lw fdq eh yhulhg frvwohvvo| h{ srvw/
zhwkhu wkhuh zdv vxffhvv ru qrw1
 Dvvxpswlrq D717= +ghjuhh ri frpshwlwlrq, Ilqdqfldo pdunhwv duh shuihfwo| frpshw0
lwlyh= Ilqdqflhuv pdnh }hur surwv lq htxloleulxp1
 Wkh wlplqj ri hyhqwv=
..
w @ 3
Lqfxpehqw
surgxfhv
.
w @ 2
Ilqdqflhuv
rhu
frqwudfwv
.
w @ 4
frqwudfwv fkrvhq/
Uhvhdufk skdvh
+vlpxowdqhrxv,
.
w @ 5
wkh zlqqhu+v,
surgxfh+v,
Uhpdun 716 Ilqdqflhuv/ zkhq wkh| rhu frqwudfwv/ kdyh wr dqwlflsdwh wkh rxwfrph lq
w @ 41 Wkdqnv wr wkh xqltxhqhvv ri wkh htxloleulxp wklv srvhv qr sureohpv1
ee 6ht| Mit|
Wkh uvw ehvw fdq eh dfklhyhg li wkh qdqflhu lv deoh wr revhuyh wkh hruw fkrlfh ri wkh
fkdoohqjhu1 Rswlpdo frqwudfwv fdq dqg zloo wkhq eh frqwlqjhqw rq wklv hruw fkrlfh1 Ri
frxuvh wkh frqwudfw pxvw pd{lpl}h wkh mrlqw vxusoxv1 Rswlpdo hruw fkrlfh dqg lqyhvwphqw
ohyhov zloo wkhuhiruh eh wkh vdph dv li wkh fkdoohqjhu rzqhg klv exvlqhvv dqg zrxog wkhuhiruh
eh wkh rqo| uhvlgxdo fodlpdqw1
Uhpdun 717 Kdylqj d wklug sduw|/ l1h1 wkh qdqflhu/ eulqjv dq hohphqw ri vhtxhqwldolw|
lqwr wkh jdph dqg khqfh uhtxluhv d qhz vroxwlrq frqfhsw iru wkh jdph1 Wkurxjkrxw wkh
dqdo|vlv zh zloo xvh zhdn shuihfw Ed|hvldq htxloleulxp dv rxu vroxwlrq frqfhsw1 Iru h{srvl0
wlrqdo uhdvrqv wkh suhflvh phdqlqj ri wkh frqfhsw lq wkh jlyhq jdph zloo eh glvfxvvhg lq wkh
vhfwlrq rq vhfrqg ehvw frqwudfwv1 Vlqfh zh duh fxuuhqwo| lq d zruog ri shuihfwo| hqirufhdeoh
frqwudfwv/ zh fdq wuhdw z1o1r1j1 wkh qdqflhu dqg wkh fkdoohqjhu dv hhfwlyho| rqh djhqw1H1
H*|L} @ tU3LThi?U L?ic MiU@ti i UL?|h@U|t | 4ti*u
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Wkhq/ lq wkh vlpxowdqhrxv pryh jdph ehwzhhq wkh Lqfxpehqw dqg wklv %vxshu0djhqw%/ Qdvk
htxloleulxp kdv hqrxjk elwh1
Zh douhdg| nqrz iurp wkh odvw vhfwlrq zkdw wkh rswlpxp zloo orrn olnh1 Lw wkhuhiruh vxfhv
khuh wr vwdwh wkh frqwudfwv wkdw zloo vxvwdlq wklv htxloleulxp1 Wkhvh frqwudfwv frqvlvw ri=
41 dq lqlwldo dprxqw ri prqh| L> wkh qdqflhu jlyhv wr wkh fkdoohqjhu1b
51 dq dprxqw ri hruw h/ wkh fkdoohqjhu pxvw h{huw1
61 d uhsd|phqw uxoh/ frqwlqjhqw rq wkh fkdoohqjhu*v hruw fkrlfh1
Sursrvlwlrq 717 Dq rswlpdo frqwudfw xqghu frpsohwh lqirupdwlrq ehwzhhq fkdoohqjhu dqg
qdqflhu vshflhv= +4,LW @ +4,
23k
k ie2j
2
k +4sU,
2
k > +5,hW @ +4,
3k
k ie2j

k +4
sU,

k
+6,
UeW @
;A?
A=
+4 ,2 lq fdvh ri vxffhvv
3 lq fdvh ri idloxuh
li h @ hW
Ue @
;A?
A=
2 lq fdvh ri vxffhvv
3 lq fdvh ri idloxuh
li h 9@ hW
Surri= Xqghu frpsohwh lqirupdwlrq/ dq rswlpdo frqwudfw pxvw pd{lpl}h vrfldo vxusoxv1
Wklv ghwhuplqhv hW dqg LW= Wkh uxoh U+=, lv fkrvhq vxfk wkdw wkh fkdoohqjhu rswlpdoo|
fkrrvhv wr h{huw hW = Vlqfh kh kdv qr zhdowk/ wkh kduvkhvw sxqlvkphqw wr lpsrvh rq klp
lv wr jlyh klp qrwklqj lq fdvh ri h 9@ hW= Rwkhuzlvh/ li h @ hW> qdqflhu dqg fkdoohqjhu jhw
vkduhv ri surwv

sK> 4 sK

lq fdvh ri vxffhvv1 sK lv slqqhg grzq e| wkh }hur surw
frqglwlrq ri qdqflhuv=
sWS+sU, i4 sUj
sK2 @ L
W+sU,
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zkhuh sWS+sU, lv jlyhq e| 7143/ zkloh L
W+sU, lv wkh lqyhvwphqw ohyho djuhhg xsrq lq wkh
frqwudfw1 Vroyh wklv iru sK wr frqfoxgh wkdw sK @ 4 =f
Sduw +4, dqg +5, duh hdvlo| xqghuvwrrg1 Wkh frqwudfw mxvw vd|v wkdw wkh wzr sduwlhv djuhh
wr ehkdyh dv li wkh| zhuh rqh surw pd{lpl}lqj djhqw/ zkrvh ehkdylru zdv douhdg| ghulyhg
lq wkh odvw vhfwlrq1 Gxh wr wkh ulvn qhxwudolw| ri wkh sduwlhv doo vkdulqj uxohv zlwk wkh vdph
h{shfwhg sd|rv iru wkh sduwlhv duh htxlydohqw iru wkhp1 Wkh rqh vwdwhg lq wkh sursrvlwlrq
lv wkh rqh zlwk wkh kduvkhvw sxqlvkphqw lq fdvh ri idloxuh v1w1 wkh olplwhg zhdowk ri wkh
fkdoohqjhu1 Ehfdxvh lq htxloleulxp wkh vkdulqj uxoh Ue lv qrw gluhfwo| sd|r uhohydqw wkh
qdqflhu*v lqglylgxdo udwlrqdolw| frqvwudlqw lv h{dfwo| elqglqj1 Ilqdoo|/ wkh uhvxow rq h{
srvw sd|phqwv/ sK @ 4  lv zhoo nqrzq iru h{dpsoh iurp pdfur wkhru|= zlwk d Free0
Grxjodv whfkqrorj|/ wkh fdslwdolvw zloo jhw d vkduh ri wrwdo rxwsxw/ zklfk fruuhvsrqgv wr
wkh hodvwlflw| ri wrwdo rxwsxw zlwk uhvshfw wr klv lqsxw1 Wklv lq wxuq lv h{dfwo| zkdw wkh
h{srqhqw 4 phdvxuhv1 Qrwh krzhyhu/ wkdw wkh uhvxow sK @ 4 grhv qrw phdq/ wkdw
wkh sduwlhv vkduh wkh surwv dffruglqj wr d frpsohwho| lqh{leoh uxoh/ l1h1 lqghshqghqwo|
ri zkdw wkh Lqfxpehqw grhv1 H{ dqwh/ wkh lqyhvwphqw ri wkh qdqflhu ydulhv lqyhuvho| zlwk
wkh vxffhvv suredelolw| ri wkh Lqfxpehqw1 Wkhuhiruh wkh sulfh ri prqh| lv wkh kljkhu/ wkh
wrxjkhu wkh Lqfxpehqwv ehkdylru lq wkh uhvhdufk ode21
ee2 N?LMtih@M*i igLh|G 5iUL?_ Mit| UL?|h@U|t
Pdwwhuv jhw uhdoo| lqwhuhvwlqj/ zkhq wkh hruw fkrlfh ri wkh fkdoohqjhu lv qrw revhuydeoh1
Wkh qhz lqirupdwlrqdo dvvxpswlrqv uhtxluh d qhz frqfhsw ri htxloleulxp ri wkh jdph=
Ghqlwlrq D suroh ri vwudwhjlhv dqg v|vwhp ri eholhiv +v>p, lv d shuihfw Ed|hvldq htxl0
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oleulxp lq h{whqvlyh irup jdph  li lw kdv wkh iroorzlqj surshuwlhv= +l, Wkh vwudwhj| suroh
v lv vhtxhqwldoo| udwlrqdo jlyhq eholhi v|vwhp p1 +ll, Wkh v|vwhp ri eholhiv lv ghulyhg iurp
vwudwhj| suroh v wkurxjk Ed|hv* uxoh zkhqhyhu srvvleoh1 Wkdw lv/ li iru lqirupdwlrq vhw k
sure+k mv, A 3> wkhq p+{, @ RoJKE%r 
RoJKEr  iru doo { 5 k=
Uhpdun 718 Wkh rughu ri sod| lv jlyhq e| wkh wlph olqh1 Krzhyhu/ wkh jdph fdq eh
dqdo|}hg dv li wkh Lqfxpehqw zdv jlyhq wkh uvw pryh/ dv orqj dv qrerg| revhuyhv wklv
pryh1 Wkhq/ wkh qdqflhu+v, dqg wkh fkdoohqjhu jhw wkh pryh dqg dfw vhtxhqwldoo|1
Shuihfw Ed|hvldq htxloleulxp uhtxluhv iru wkh jlyhq jdph/ wkdw=
41 Wkh Lqfxpehqwv fkrlfh ri vxffhvv suredelolw| pxvw eh rswlpdo/ jlyhq wkh qdqflhucv
dqg wkh fkdoohqjhucv vxevhtxhqw vwudwhj|1
51 Iru hdfk eholhi wkh qdqflhu kdv dv wr zklfk vxffhvv suredelolw| wkh Lqfxpehqw kdv
fkrvhq/ klv rhu ri frqwudfw pxvw eh rswlpdo iru klp/ jlyhq klv dqwlflsdwlrq ri wkh
fkdoohqjhucv vxevhtxhqw vwudwhj|1
61 Iru hdfk eholhi wkh fkdoohqjhu kdv zklfk vxffhvv suredelolw| wkh Lqfxpehqw kdv fkr0
vhq/ klv fkrlfh ri frqwudfw pxvw eh rswlpdo jlyhq klv dqwlflsdwlrq ri klv rzq vxevh0
txhqw vwudwhj| +l1h1 fkrlfh ri hruw,1
Wkh lqfxpehqwv sureohp lv h{dfwo| wkh vdph dv ehiruh1 Khqfh klv ehvw uhvsrqvh wr hdfk
fkrlfh ri vxffhvv suredelolw| ri klv ulydo lv vwloo jlyhq e| 71<1
Frqwudfwv ehwzhhq wkh qdqflhuv fdq qr pruh eh frqwlqjhqw rq hruw fkrlfh/ vlqfh plv0
ehkdylru rq wkh sduw ri wkh fkdoohqjhu fdqqrw eh glvwlqjxlvkhg iurp edg oxfn h{ srvw1
Wkhuhiruh/ xqghu wklv qhz lqirupdwlrqdo dvvxpswlrq/ frqwudfwv vshfli|=
41 Dq dprxqw ri prqh|/ G/ wkh qdqflhu kdqgv ryhu wr wkh fkdoohqjhu1
51 D uhsd|phqw uxoh/ zklfk lv qrw frqwlqjhqw rq hruw fkrlfh1
Zkloh lq wkh odvw vhfwlrq/ wkhuh zdv rqo| rqh frqwudfw zlwk d xqltxh lqyhvwphqw ohyho/
wkhuh lv qr uhdvrq wr eholhyh d sulrul/ wkdw wklv zloo dovr eh wuxh lq wkh suhvhqw frqwh{w1
44:
Wkhuhiruh/ wkh uhsd|phqw uxoh kdv wr eh jhqhudol}hg wr=
U+G, @
;A?
A=
+G,2 lq fdvh ri vxffhvv
3 lq fdvh ri idloxuh
zkhuh wkh h{ srvw vkduhv duh qrz doorzhg wr ydu| zlwk wkh h{ dqwh fkrvhq lqyhvwphqw ohyho1
Dq| frqwudfw fdq wkhq eh vxppdul}hg e| d wxsoh iG>+G,j =
Uhpdun 719 Ilqdqflhuv hhfwlyho| duh lq d Ehuwudqg frpshwlwlrq zlwk hdfk rwkhu1 Dv
xvxdo wklv irufhv wkhp wr rhu d frqwudfw wkdw pd{lpl}hv wkh fkdoohqjhuv h{shfwhg sd|r
v1w1 dq Lqglylgxdo Udwlrqdolw| frqvwudlqw iru wkhpvhoyhv1 Vr wkh dqdo|vlv kdv wr irfxv rq
zkdw frqwudfw lv rswlpdo iru wkh fkdoohqjhu jlyhq wkdw zhdn shuihfw Ed|hvldq htxloleulxp
vwudwhjlhv duh sod|hg vxevhtxhqwo|1 Zh dvvxph wkdw wkh qdqflhuv pdnh wdnh0lw0ru0ohdyh0lw
rhuv dqg wkh fkdoohqjhu hlwkhu dffhswv ru uhmhfwv wkhp1
Ohppd 716 Wkh frqwudfwv iG>+G,j qdqflhuv rhu vdwlvi|=
*G
3k
23k i4 +G,j
k
23k +G, 4 @ 3 +714:,
zlwk
* =@ +4 sU,e ie+4 sU,2j
k
23k 2
Surri = Zkhq rhulqj d frqwudfw/ qdqflhuv pxvw kdyh d eholhi derxw sU = Vlqfh sod|huv duh
uhvwulfwhg wr sxuh vwudwhjlhv/ wklv eholhi pxvw sxw suredelolw| pdvv 4 rq vrph sU = Iru dq|
eholhi qdqflhuv pljkw kdyh zkhq wkh| rhu d frqwudfw/ wkh| pxvw dqwlflsdwh wkdw rqfh d
frqwudfw kdv ehhq fkrvhq/ wkh fkdoohqjhu*v rqo| uhpdlqlqj ghjuhh ri iuhhgrp lv wkh fkrlfh
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ri hruw1 Wklv pxvw pd{lpl}h klv h{shfwhg sd|r/ jlyhq wkh frqwudfw/ ru pruh irupdoo|=
ah @ dujpd{

+4 sU,eh
kG3k+4 +G,,2 
h2
5

+714;,
ah++G,>G, @

eG3k+4 sU,+4 +G,,2
 
23k +714<,
Pruhryhu/ wkh frqwudfwv wkh| rhu doorz wkhp h{dfwo| wr euhdn hyhq rq h{shfwdwlrq li
dqg rqo| li wkh fkdoohqjhu fkrrvhv wkh lqfhqwlyh frpsdwleoh hruw ohyho/ l1h1 %vwd|v rq wkh
htxloleulxp sdwk%1 Whfkqlfdoo| wklv phdqv=
+4 sU,eah
kG3k+G,2 G @ 3 +7153,
Wr rhu frqwudfwv/ zklfk duh pruh idyrudeoh wr wkhp/ lv phdqlqjohvv gxh wr wkh Ehuwudqg
dvvxpswlrq1 Wkh frpelqdwlrq ri 714; dqg 7153 jlyhv wkh h{suhvvlrq lq wkh ohppd1
Wkxv/ Lqfhqwlyh Frpsdwlelolw| ri hruw fkrlfh zrunv dv dq hhfwlyh frqvwudlqw rq wkh vhw
ri ihdvleoh frqwudfwv/ qdqflhuv vkrxog rhu/ li wkh| zdqw wr euhdn hyhq rq dyhudjh1
Dowkrxjk 714: vxppdul}hv doo uhohydqw lqirupdwlrq rq frqwudfwv/ lw kdv wkh glvdgydqwdjh
ri ehlqj rqo| dq lpsolflw uhodwlrq +G,= Wr fdofxodwh forvhg irup vroxwlrqve lw lv pruh
frqyhqlhqw wr zrun zlwk wkh ixqfwlrq G+, v=w=
G+, @ *
23k
k i4 j
23k
k +7154,
Wklv lv dq h{solflw ixqfwlrqG+,> zlwk wkh iroorzlqj surshuwlhv= G+, A 3> ; 5 ^3> 4‘>G+3, @
G+4, @ 3> Y(
Yq
+23k2 , @
Y2(
Yq2
+4 , @ 3> dv vkrzq lq jxuh 714=
Wkh qrqolqhdulw| suhvhqw lq G+, ghvhuyhv vrph hfrqrplf h{sodqdwlrq1 Zk| lvq*w lw
wkh fdvh wkdw qdqflhuv rhu hyhu kljkhu dprxqwv ri prqh| lq uhwxuq iru dq hyhu kljkhu
h{ srvw vkduh lq wkh yhqwxuhB Lqlwldoo|/ l1h1 iru orz ydoxhv ri > wklv lv wkh fdvh1 Lq
wklv udqjh/ d kljkhu  pdnhv wkhp zloolqj wr rhu d kljkhu dprxqw ri rxwvlgh qdqfh
+dqg lqyhvwphqw,/ vlqfh wklv vwloo kdv wkh xqdpeljxrxv hhfw ri udlvlqj wkh suredelolw| ri
eAt U@tit ?L ThLM*i4t 5ii u|? S
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Iljxuh 704=
vxffhvv1 Krzhyhu/ wr uhdfk vxffhvv/ lw wdnhv lqyhvwphqw ri qdqfldo uhvrxufhv dv zhoo dv wkh
hruwv ri wkh fkdoohqjhu1 Lqvshfwlrq ri ah+, vkrzv wkdw ah @ 3 iru  @ 4= Zk| vkrxog wkh
fkdoohqjhu zrun kdug li kh hqgv xs zlwk qrwklqj lq klv kdqgv dq|zd|B Wklv orjlf whoov xv
wkdw Ye
USEq
Yq fkdqjhv lw*v vljq vrphzkhuh1
D Lw wxuqv rxw/ wkdw wkh rxwvlgh qdqfh fdsdflw|
lv uhdfkhg dw  @ 23k2 = G

23k
2

lv wkh pd{lpxp dprxqw ri qdqfh lqyhvwruv duh zloolqj
wr surylgh= wkhuh lv qr frqwudfw zlwk d G A G

23k
2

zklfk lv erwk lqfhqwlyh frpsdwleoh
iru wkh fkdoohqjhu dqg doorzv qdqflhuv wr euhdn hyhq1
Qrw doo frqwudfwv rq wkh orfxv lq wkh jxuh duh uhohydqw= frqvlghu dq| frqwudfw rq wkh orfxv
zlwk  A 23k2 = Iru hdfk wxsoh
q
>G+,
r
/  5 +23k2 > 4‘> < d wxsoh
q
G+,> 
r
> vxfk wkdw
G+, @ G+, exw  ? = D qdqflhu rhulqj frqwudfwv ri wkh irup
q
>G+,
r
zloo wkxv
qhyhu eh deoh wr dwwudfw dq| folhqwvS1 Kdylqj lghqwlhg wkh orfxv doo ihdvleoh frqwudfwv
pxvw olh rq/ rqh fdq qdoo| vroyh iru wkh frqwudfw zklfk lv fkrvhq lq htxloleulxp1
Sursrvlwlrq 718 Wkh vhfrqg ehvw rswlpdo frqwudfw iru wkh fkdoohqjhu lv jlyhq e|

rK> G+rK,

zlwk rK @ 4 =
Surri = Ilqdqflhuv/ zkhq rhulqj frqwudfwv/ wdnh lqwr dffrxqw doo vxevhtxhqw hhfwv rq
wkh fkdoohqjhuv hruw fkrlfh/ nqrzlqj wkdw hruw zloo eh fkrvhq lq dq lqfhqwlyh frpsdwleoh
Dtii Mi*L
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zd|1 Iurp 714; dqg 7154 zh nqrz/ wkdw ah dqg G duh xowlpdwho| ixqfwlrqv ri  dorqh1
Wkhuhiruh/ wkh rswlpdo frqwudfw iru wkh fkdoohqjhu lv wkh vroxwlrq wr.=
pd{
q
+4 sU,2isS+h+,> G+,,+4 ,j  F+h+,,
Iurp wkh hqyhorsh wkhruhp 0 ehfdxvh hruw fkrlfh pxvw eh rswlpdo 0 lw iroorzv wkdw

+4 sU,2+4 ,
CsS
Ch

CF
Ch

Ch
C
@ 3
Wkhuhiruh wkh IRF wr wkh sureohp lv
+4 sU,2

+4 ,
CsS
CG
CG
C
 sS+h+,> G+,,

-
@ 3
D ihz dojheudlf wudqvirupdwlrqv wkhq vkrz wkdw
+4 ,+4 ,Gc+, @ G+, +7155,
Gc+, lv vwudljkwiruzdug wr fdofxodwh iurp 71541 Vlpsolfdwlrq wkhq gholyhuv wkh vwdwhg
uhvxow wkdw rK @ 4 =
Zh fdq qdoo| fkdudfwhul}h wkh zhdn shuihfw Ed|hvldq htxloleulxp ri wkh jdph +dsduw iurp
wkh h{dfw ydoxh ri sWU / zklfk zloo eh ghulyhg lq wkh qh{w vhfwlrq,=
Sursrvlwlrq 719 Wkh lqfxpehqw fkrrvhv sWU = Wkh qdqflhuv eholhi lv jlyhq e| ps +s
W
U, @
4 dqg kh rhuv wkh fkdoohqjhu wkh frqwudfw i @ 4  > G+ @ 4  , @ +4 
sWU,
2
k +e2,
2
k2+4  ,
23k
k j1 Wkh fkdoohqjhuv eholhi lv jlyhq e| pS+sWU, @ 4= Kh dffhswv
dqg h{huwv hruw h+4  , @ +4  sU,

k +e2,

k2+4  ,
3k
k = R wkh htxloleulxp sdwk/ wkh
fkdoohqjhu lv doorzhg wr kdyh dq| eholhi dqg vxevhtxhqw vhtxhqwldoo| udwlrqdo vwudwhj|1
Surri = Vlqfh sod|huv duh uhvwulfwhg wr sxuh vwudwhjlhv dqg wkh fkdoohqjhu dv zhoo dv wkh
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qdqflhu fdq fdofxodwh wkh xqltxh rxwfrph ri wkh jdph/ zh pxvw kdyh pS+s
W
U, @ ps +s
W
U, @
4= Wkh rswlpdolw| ri wkh frqwudfw dqg wkh hruw ohyho kdv douhdg| ehhq suryhg1 Wkh idfw
wkdw wkh fkdoohqjhu lv doorzhg wr kdyh dq| eholhi dqg dvvrfldwhg vhtxhqwldo udwlrqdo vwudwhj|
lv gxh wr wkh Ehuwudqg dvvxpswlrq= qdqflhuv fdqqrw pdnh pruh wkdq }hur surwv1 Exw
wkhq wkh| zhdno| suhihu wr vwlfn wr wkhlu htxloleulxp vwudwhj| qr pdwwhu zkdw wkh fkdoohqjhu
vkrxog lqihu iurp d ghyldwlrq rq wkhlu sduw1
Wkhuh duh wzr wklqjv uhpdundeoh derxw wkh uhvxow= Iluvw/ wkh Ehuwudqg frpshwlwlrq ehwzhhq
qdqflhuv ghvwur|v wkh xvxdo yxoqhudelolw| ri wkh shuihfw Ed|hvldq htxloleuld wr fud}| eholhiv
dqg vwudwhjlhv r wkh htxloleulxp sdwk1 Wklv pdnhv wkh vwdwhg uhvxowv txlwh urexvw1 Vhfrqg/
wkh uhvxow rK @ sK lv uhpdundeoh1 H{ srvw vkduhv lq wkh qdo slh duh qrw glvwruwhg e|
dv|pphwulf lqirupdwlrq> fdslwdo*v vkduh lq rxwsxw vwloo fruuhvsrqgv wr wkh hodvwlflw| ri
rxwsxw zlwk uhvshfw wr qdqfldo lqyhvwphqw1 Krzhyhu/ lw lv vrphkrz fohdu dqg lw zloo eh
vkrzq irupdoo| lq wkh qh{w ohppd wkdw dv|pphwulf lqirupdwlrq zloo qrw eh zlwkrxw lwv
frvwv1
eD wi@TuhL}}?} hiUL?t_ihi_
Lqwxlwlyho|/ zh dvvrfldwh wkh delolw| wr qdqfh rxw ri uhwdlqhg hduqlqjv zlwk vrph nlqg ri
vwuhqjwk1 Rq wkh rwkhu kdqg/ vrph qrwlrq ri zhdnqhvv lv dvvrfldwhg zlwk wkh qhhg wr wdnh
rq rxwvlgh qdqfh1 Wkh qh{w ohppd irupdoo| vwdwhv/ zkdw h{dfwo| lv wr eh xqghuvwrrg e|
%zhdnqhvv%=
Ohppd 717 Il{ dq| sU = Wkh ehvw uhvsrqvh ri wkh fkdoohqjhu lq wkh vhfrqg ehvw lv dozd|v
vpdoohu wkdq lq wkh uvw ehvw1
Surri = Iurp 714; dqg 7154 rqh fdq hdvlo| ghulyh wkh rswlpdo ydoxhv iru G+, dqg h+,
dw  @ 4   = G+ @ 4  , @ +4  sU,
2
k +e2,
2
k2+4  ,
23k
k dqg h+4  , @ +4 
sU,

k +e2,

k2+4 ,
3k
k = Soxj wkhvh ydoxhv lqwr 714 dqg vlpsoli| wr jhw
sS @ 
"
2+4 sU,
"
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Vlqfh  5 ^3> 4‘ wklv suryhv wkh fodlp1
Uhpdun 71: Lw lv qrw reylrxv krz wr ghulyh wklv uhdfwlrq ixqfwlrq= Zkloh lw lv fohdu wkdw
erwk wkh qdqflhu dqg wkh fkdoohqjhu fdq fdofxodwh wkh rxwfrph ri wkh jdph/ lw lv qrw fohdu
wkdw wkh| fdq frruglqdwh wkhlu eholhiv iru dq| ohyho ri sU = Wklv lv krzhyhu/ wkh lpsolflw
dvvxpswlrq lq wkh deryh ghulydwlrq1
Ilqdqfldo frqwudfwlqj wkxv uhvxowv +xqvxusulvlqjo|, lq d uhgxfwlrq ri lqyhvwphqw1 Wklv
uhvxow hphujhv ehfdxvh wkh lqyhvwru iruhvhhv/ wkdw dq djhqw/ zkr kdv wr vkduh wkh iuxlwv
ri klv hruwv zlwk vrphrqh hovh/ lv uhoxfwdqw wr h{huw dv pxfk hruw dv lq wkh uvw ehvw
vlwxdwlrq1 Wkhuhiruh wkh shu Groodu sulfh fkdujhg iru hdfk xqlw ri lqyhvwphqw kdv wr eh
kljkhu1 Exw wklv udlvhv d txhvwlrq= D sulrul wkhuh zrxog eh wzr srvvleoh urxwhv wr dfklhyh
wklv hqg1 Rqh frxog hlwkhu fkdqjh/ iru dq| jlyhq dprxqw ri lqyhvwphqw/ wkh vkduh ri wkh
lqyhvwru lq wkh qdo surw0slh1 Ru/ rqh frxog ohdyh wkh glylvlrq ri surwv h{ srvw xqfkdqjhg
dqg fkdqjh wkh dprxqw ri qdqfh h{ dqwh1 Zh douhdg| nqrz iurp sursrvlwlrq 718/ wkdw
wkh odwwhu urxwh lv wdnhq1 Dq hfrqrplf h{sodqdwlrq iru wklv revhuydwlrq lv lq rughu= Wkh
lqfhqwlyh frpsdwleoh hruw fkrlfh/ jlyhq e| 714; uhdfkhv lw*v pd{lpxp dw rK @ 4  =H
Qrwh wkdw rK lv orfdwhg lq wkh udqjh/ zkhuh 7154 lv vwloo lqfuhdvlqj lq = Wkh fkdoohqjhu
qhyhuwkhohvv fkrrvhv qrw wr frqwudfw iru d kljkhu dprxqw ri qdqfh lq h{fkdqjh iru d
kljkhu 1 Zk|B Li kh dssolhg iru pruh qdqfh/ wkh qdqflhu zrxog uhfrjql}h yhu| zhoo/
wkdw wkh fkdoohqjhu hhfwlyho| frpplwv klpvhoi wr d orzhu ohyho ri hruw wkhuhe|1 Ehfdxvh
wkh qdqflhu iruhvhhv dq| vxfk rssruwxqlvwlf ehkdylru rq wkh sduw ri wkh fkdoohqjhu/ kh
kdv wr ghpdqg d glvsursruwlrqdwho| kljkhu vkduh  lq uhwxuq iru lqyhvwphqwv lq h{fhvv ri
G+4 ,> ru lq whupv ri 7154/ kh rhuv dq hyhu vpdoohu dprxqw ri qdqfh G lq uhwxuq iru
d kljkhu  lq wkh udqjh  5 ^4  > 4‘= Whfkqlfdoo| wklv phdqv/ wkdw 7154 lv frqyh{ lq wkh
udqjh ^3> 4  ‘ dqg frqfdyh wkhuhdiwhu1 Hyhqwxdoo| wklv jrhv vr idu/ wkdw wkh lqyhvwru lv
uhoxfwdqw wr rhu d kljkhu dprxqw ri qdqfh lq h{fkdqjh iru d kljkhu vkduh= wkh rxwvlgh
qdqfh fdsdflw| lv uhdfkhg dw  @ 23k2 =
HAi ThLLu Lu |t t|@|i4i?| t LMLt @?_ |ihiuLhi L4||i_
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Wkh uhgxfwlrq lq doo hqgrjhqrxv ydoxhv lv wkh pruh surqrxqfhg wkh vpdoohu  lv1 Zkdw
lv wkh lqwxlwlrq iru wklv uhvxowB D vpdoo  phdqv/ wkdw hruw kdv wr eh udlvhg d orw li wkh
vxffhvv suredelolw| lv wr eh dhfwhg vljqlfdqwo|1 Vwloo/ hruw lv rqh ri wkh hvvhqwldo idfwruv
lq wkh whfkqrorj|/ dv orqj dv  A 3= Dv h{sodlqhg deryh/ wkh qhhg wr wdnh rq rxwvlgh
qdqfh zhdnhqv wkh djhqwv lqfhqwlyhv wr vshqg hruw1 Li iru h{dpsoh  lv yhu| forvh wr
rqh/ rqo| d wlq| olwwoh elw ri qdqfh kdv wr eh wdnhq rq dqg wkh uhgxfwlrq lq hruw fkrlfh
lv rqo| yhu| vpdoo1 Li rq wkh rwkhu kdqg  lv yhu| forvh wr }hur/ wkhq wkh rswlpdo fkrlfh ri
lqyhvwphqw uhodwlyh wr wkh rswlpdo fkrlfh ri hruw jlyhq wkh frvw vwuxfwxuh zloo eh udwkhu
elj1 Wkhuhiruh wkh uhgxfwlrq wkh hqgrjhqrxv ydoxhv zloo eh pruh surqrxqfhg1
Lq vkruw= Gxh wr dv|pphwulf lqirupdwlrq doo fkrlfh yduldeohv ri wkh fkdoohqjhu duh uhgxfhg
e| wkh idfwru = Zkloh lq vhfwlrq 716/ wkh lqfxpehqw zdv dw d vwudwhjlf glvdgydqwdjh
gxh wr klv vwduwlqj srvlwlrq/ wkh vwudwhjlf srvlwlrq ri wkh fkdoohqjhu lv qrz zhdnhqhg
e| klv %vkdoorz% srfnhw1 Wkhuh duh wkxv qrz wzr frxqwhuydlolqj irufhv dw zrun lq wkh
prgho/ pdnlqj lw zruwkzkloh wr uhfrqvlghu wkh vwdwhphqw lq Sursrvlwlrq 7151 Uhfdoo wkdw
 @ Z23Z
Z2
dqg  =@ "=
Sursrvlwlrq 71: Li  A  wkhq sWS+sWU, A sWU+sWS,> li  ?  wkhq sWS+sWU, ? sWU+sWS,>
qdoo| li  @ / wkhq wkh Qdvk htxloleulxp lv v|pphwulf1
Surri = Wkh v|vwhp ri htxdwlrqv wkdw ghwhuplqhv wkh Qdvk htxloleulxp ri wkh jdph lv
jlyhq e|=
sS @ 
"
2+4 sU,
"
sU @ 
"
2+4 sS,
"
Wkh uhvw ri wkh surri lv reylrxv vlqfh wkh vdph orjlf dv lq wkh surri ri Sursrvlwlrq 715
dssolhv1
Lq d vhqvh erwk sod|huv duh d elw kdqglfdsshg1 Wkh lqfxpehqw/ ehfdxvh kh zdqwv wr uhvw
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rq klv odxuhov/ wkh fkdoohqjhu ehfdxvh kh kdv wr xvh rxwvlgh qdqfh zlwk lwv lqgxfhg djhqf|
frvwv1 Wkh uhodwlyh pdjqlwxgh ri  dqg  ghwhuplqhv zklfk ri wkh wzr uhdfwlrq ixqfwlrqv
lv vkliwhg pruh khdylo| lqzdugv1 Lq zrugv wkh iroorzlqj phfkdqlvp lv dw zrun= kroglqj
{hg d ydoxh iru  dqg 2> wkh kljkhu wkh surw wkh lqfxpehqw douhdg| kdv/ wkh od}lhu kh
jhwv1 Wkh rwkhu zd| urxqg= kroglqj {hg d ydoxh iru 2 dqg > wkh khdylhu wkh lpsdfw ri
wkh qdqfldo uhvwulfwlrqv rq wkh ehkdylru ri wkh fkdoohqjhu/ wkh olnholhu lw jhwv wkdw kh hqgv
xs ehlqj ehdwhq rq dyhudjh1 Wkhuh lv wkxv d qrqwulyldo lqwhudfwlrq ehwzhhq qdqfldo dqg
uhdo idfwruv suhvhqw lq wkh prgho1 Djdlq/ lw lv ri lqwhuhvw krz wkh uhvxowv fkdqjh/ li d jdph
zlwk pdq| hqwudqwv lv frqvlghuhg=
Sursrvlwlrq 71; +l,Wkh h{whqghg vlpxowdqhrxv pryh jdph zlwk pdq| hqwudqwv kdv d
xqltxh Qdvk htxloleulxp lq sxuh vwudwhjlhv lq zklfk hdfk fkdoohqjhu fkrrvhv wkh vdph
suredelolw|1 +ll,Li  ?  wkh vxffhvv suredelolw| ri hdfk fkdoohqjhu lv vpdoohu wkdq wkh
vxffhvv suredelolw| ri wkh Lqfxpehqw1 +lll, Dv wkh qxpehu ri fkdoohqjhuv jrhv rxw ri erxqgv/
sS jrhv wr }hur1
Surri = dqdorjrxv wr Sursrvlwlrq 7161
eS W4T*U@|L?t uLh }hL|
eS Ai 4L_i*
D frpsohwh wuhdwphqw ri d ixoo| g|qdplf prgho lv rxwvlgh wkh vfrsh ri wkh suhvhqw sdshu1
Wkh pdlq uhvxowv/ krzhyhu/ kdyh vwudljkw iruzdug h{whqvlrqv lq wkh g|qdplf irupxodwlrq1
Frqvlghu wkh edvlf yhuvlrq ri wkh Djklrq dqg Krzlww +4<<5, jurzwk prghob= Wkh hfrqrp|
lv srsxodwhg e| d frqwlqxrxv pdvv O ri zrunhuv zlwk olqhdu lqwhuwhpsrudo suhihuhqfhv=
x+|, @
U"
f |h
34g= Hdfk ri wkh zrunhuv lv hqgrzhg zlwk rqh xqlw rz ri oderu/ vr wkdw
O dovr htxdov wkh oderu vxsso|1 Lq dgglwlrq/ hyhu| zrunhu lv hqgrzhg zlwk wkh delolw|
wr h{huw hruw/ h> lq srwhqwldoo| xqerxqghg txdqwlwlhv1  lv wkh glvfrxqw udwh1 Rxwsxw
bAi Thiti?| 4L_i* tit L?*) @ t*}| 4L_U@|L? Lu }L? @?_ OL|| Ebb2c |ihiuLhi |i _itUhT
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ri wkh qdo jrrg lv surgxfhg zlwk whfkqrorj| | @ D{B/ zkhuh 3 ?  ? 41 Rqh ri wkh
lqglylgxdov/ wkh hqwuhsuhqhxu/ lv lqlwldoo| wkh rzqhu ri wkh lqwhuphgldwh jrrgv up1 Doo
rwkhu lqglylgxdov vwduw zlwkrxw zhdowk1 Lqqrydwlrqv udlvh wkh hflhqf| sdudphwhu D e| d
frqvwdqw idfwru  A 4= Wkh whfkqrorj| xvhg lq wkh surgxfwlrq ri wkh lqwhuphgldwh jrrg lv
olqhdu vr wkdw { dovr htxdov oderu ghpdqg e| wkdw up1 Wkh uhvhdufk whfkqrorj| lv vwloo
jlyhq e| 7141 Dv wkh hfrqrp| kdv rqo| rqh uhvrxufh/ oderu/ lqyhvwlqj phdqv klulqj zrunhuv1
Wkh zdjh eloo/ krzhyhu/ kdv wr eh sdlg xsiurqw1 Uhvhdufk frvwv F| duh qrz dvvxphg wr
eh olqhdu lq hruw dqg oderu lqsxw= lqyhvwlqj dq dprxqw G| jhqhudwhv frvwv z|G|/ zkloh
vshqglqj hruw h| jhqhudwhv d frvw f|h|=
Lqqrydwlrqv udlvh wkh surgxfwlylw| ri wkh lqwhuphgldwh jrrgv vhfwru1 Dv lq wkh suhylrxv
sduw/ wkhvh lqqrydwlrqv duh gudvwlf1 Rqfh dq lqqrydwlrq kdv ehhq vxffhvvixo/ wkh lqqrydwru
idfhv wkh iroorzlqj vwdwlf sureohp= wkh qdo jrrgv vhfwru zloo ex| wkh lqwhuphgldwh jrrg
xqwlo lwv sulfh htxdov lwv pdujlqdo ydoxh lq surgxfwlrq ru S| @ D|{
B3= Wkh prqrsrolvw
zloo wkhq ghwhuplqh | dqg {| vxfk wkdw
| @ pd{
%
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Wkh irfxv ri wkh suhvhqw vhfwlrq olhv hqwluho| rq vwhdg| vwdwh ehkdylru1 Lq vxfk d vwhdg|
vwdwh doo yduldeohv zloo jurz dw wkh vdph udwh dqg wkh surgxfwlylw| dgmxvwhg zdjh udwh/ |
|
>
zloo eh d frqvwdqw/ ’ vd|1 Lw lv hdv| wr vhh wkdw lq wklv fdvh zh zloo dovr kdyh | @ D|+’,
dqg {| @ {= Dvvxph/ z1o1r1j1 wkdw f| @ z|= Hyhu|wklqj wkdw lv qhhghg lv wkdw doo yduldeohv
jurz zlwk wkh vdph udwh rwkhuzlvh rqh ri wkh lqsxwv zrxog vkulqn wr }hur ryhu wlph1 Wkh
lqgh{ w ghqrwhv %prgho wlph%= l1h1 lq prgho wlph/ wkh ohqjwk ri wkh wlph lqwhuydo ehwzhhq
wzr vxevhtxhqw lqqrydwlrqv lv 41 Lq uhdo wlph/ ghqrwhg e|  > ri frxuvh wklv ohqjwk lv
vwrfkdvwlf1 Revhuyh qdoo| wkdw wkhuh lv rqo| rqh lqyhvwphqw rssruwxqlw| lq wkh hfrqrp|1
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Wkhuh lv wkxv qr srvvlelolw| wr vdyh dsduw iurp wkh uhvhdufk surmhfw1 Uhvhdufk lv wkh rqo|
zd| wr ehfrph zhdowk|$
eS2 T|4@* hiti@hU TL*Uit
Dvvxph iru wkh prphqw wkdw wkh hqwuhsuhqhxu glg qrw kdyh wr erwkhu derxw frpshwlwruv
grlqj uhvhdufk dv zhoo1 Zkdw zrxog klv suhihuuhg uhvhdufk srolf| orrn olnhB Wkh rzqhu
pdqdjhu frqwurov wkh duulydo udwh ri d Srlvvrq surfhvv/ s = Dv lv vkrzq lq Dsshqgl{ F/
olqhdulw| ri frvwv z|h.z|G| dqg frqvwdqw uhwxuqv wr vfdoh wrjhwkhu lpso| wkdw wkh duulydo
udwh lv olqhdu lq G +s @ e

k
3k
k
G =@ G , dqg wkdw frvwv ri uhvhdufk fdq eh h{suhvvhg
dv d olqhdu ixqfwlrq ri G +F @

3kG , dorqh1 Wkhuhiruh lw lv frqyhqlhqw wr rswlpl}h ryhu
G gluhfwo| udwkhu wkdq ryhu s=
Lq wkh vwhdg| vwdwh doo frvwv dqg ydoxhv jurz dw wkh vdph udwh1 Wkhuh lv qr rwkhu lqxhqfh
ri wlph rwkhu wkdq wkurxjk wkh duulydo ri lqqrydwlrqv1 Wkhuhiruh wkh uhvhdufk lqwhqvlw| lv
frqvwdqw gxulqj wlph lqwhuydov ehwzhhq lqqrydwlrqv1 Dovr ehfdxvh frvwv dqg ydoxhv jurz
dw wkh vdph udwh/ wkh uhvhdufk lqwhqvlw| zloo wxuq rxw wr eh lqghshqghqw ri wlph dfurvv
wlph lqwhuydov1
Iroorzlqj wkhvh dujxphqwv wkh rzqhu ri wkh up idfhv wkh iroorzlqj vwrfkdvwlf g|qdplf
surjudpplqj sureohp=
Y +D|, @ pd{
(|
;A?
A=
 +D|,  F+D|>G|,.
+4 . ,3 ^G|Y +D|n, . +4 G|,Y +D|,‘
<A@
A>
Wdnh olplwv dv  $ 3 dqg uhfrjql}h wkdw lq d vwhdg| vwdwh Y +D|n, @ Y +D|,= Wdnlqj
lqwr dffrxqw dv zhoo wkdw wkh uhvhdufk lqwhqvlw| zloo eh frqvwdqw wkurxjk wlph dqg wkdw
hyhu| whup lq wkh htxdwlrq fdq eh qrupdol}hg e| D| zh fdq zulwh +zlwk
T E|
|
@ Y +G,,
Y +G, @
  F+G,
 G+  4,
Wkh ydoxh ri d up lv vlpso| jlyhq e| rshudwlqj surwv qhw ri uhvhdufk frvwv/ glvfrxqwhg dw
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d udwh wkdw olhv vrphzkdw ehorz wkh glvfrxqw udwh1 Wklv uhhfwv wkh idfw wkdw lqqrydwlrqv
eulqj wkh srvvlelolw| ri ixwxuh lqqrydwlrqv zlwk wkhp1
Ohw GW eh wkh vroxwlrq wr wkh pd{lpl}dwlrq surjudp ri wkh up dqg ohw Y W wkh ydoxh ri wkh
remhfwlyh ixqfwlrq xqghu srolf| GW= Wkhq/ iru dq| up wkdw lv qrw |hw lq wkh srvlwlrq wr
pdnh prqrsro| surwv exw dvvxphv wr vwd| iruhyhu lq wkh lqgxvwu|/ rqfh lw kdv hqwhuhg/ Y W
uhsuhvhqwv wkh +pd{lpdo, lqfhqwlyh wr gr uhvhdufk1 Doo wkhvh dujxphqwv duh frqglwlrqdo rq
wkh dvvxpswlrq wkdw wkh lqfxpehqw grhv qrw kdyh wr fduh derxw frpshwlwruv grlqj uhvhdufk
wrr1 Vlqfh wkh lqfxpehqw rqo| fduhv iru wkh lqfuhdvh lq ydoxh wkurxjk wkh qh{w lqqrydwlrq/
zklfk lv jlyhq e| +4,Y W/ zh nqrz wkdw zlwkrxw djhqf| frvwv wklv uhsodfhphqw hhfw zloo
jhqhudwh djdlq wkh zhoo nqrzq uhvxow wkdw lqgxvwu| qhzfrphuv kdyh wkh kljkhvw lqfhqwlyhv
wr gr uhvhdufk1 Krzhyhu/ wkhuh lv d gluhfw h{whqvlrq wr sursrvlwlrq 71:=
Sursrvlwlrq 71< Dvvxph wkdw k
k
3k
3knk
23k
3k
? 3

= Wkhq/ lq wkh vwhdg| vwdwh rqo| wkh
lqfxpehqw grhv uhvhdufk1
Surri = Vhh dsshqgl{ F1
Lq wklv sdshu zh zloo qrw wuhdw wkh fdvh zkhq wkh frqglwlrq lq wkh Sursrvlwlrq grhv qrw
krog1 Wkhuhiruh zh lpsrvh iru wkh uhvw ri wkh sdshu=
 Dvvxpswlrq D718= ohw k
k
3k
3knk
23k
3k
? 3

=
Revhuyh wkdw wkh uljkw kdqg vlgh ri wkh lqhtxdolw| lv lqfuhdvlqj lq / zkloh wkh ohiw kdqg
vlgh lv ghfuhdvlqj lq 1 Wkhuhiruh wklv vd|v djdlq wkdw iru  vxflhqwo| vpdoo uhodwlyh wr
 fkdoohqjhuv zloo vwd| rxw1 Wkh surri xvhv h{dfwo| wkh vdph dujxphqwv dv wkh suhylrxv
vhfwlrqv= Wkh djhqf| frvw ri qdqfh lqfuhdvhv wkh frvwv ri surgxflqj d jlyhq suredelolw|
ri vxffhvv2f ru ghfuhdvhv wkh suredelolw| ri vxffhvv iru dq| jlyhq lqyhvwphqw1 Ilqdqfldo
uhvrxufhv duh qhhghg wr sd| wkh zdjh eloo xsiurqw1 Vlqfh oderu kdv wr eh frpshqvdwhg
dffruglqj wr lwv pdujlqdo surgxfw/ wkh wrwdo zdjh eloo zloo eh d iudfwlrq +4  , ri wrwdo
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c |i @h}4i?| tc |@| ULt| _gihi?Uit U@? 4@!i ??L@|L?t
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ydoxh fuhdwhg lq wkh uhvhdufk ode1 Shuihfw frpshwlwlrq ehwzhhq qdqflhuv wkhq hqvxuhv wkdw
wkh| h{dfwo| uhfryhu wkhlu frvwv= djdlq  @ +4,= Wkh sduwldo htxloleulxp dqdo|vlv ri wkh
odvw vhfwlrq kdg wr xvh frqyh{ hruw frvwv1 Wklv dvvxpswlrq fdq eh gursshg lq wkh jhqhudo
htxloleulxp/ ehfdxvh wkhuh lv dq dgglwlrqdo iuhh yduldeoh/ wkh zdjh udwh/ zklfk dgmxvwv wr d
ohyho vxfk wkdw wkh lqglylgxdo surgxfhu lv lqglhuhqw ehwzhhq doo ohyhov ri surgxfwlrq1 Wkh
uhvhdufk lqwhqvlw| lv wkhq ghwhuplqhg e| htxloleulxp lq doo pdunhwv1 Zrunhuv duh shuihfwo|
preloh dqg wkhuhiruh sdlg wkh vdph zdjh hyhu|zkhuh1 Dw wkh zdjh ohyho wkdw pdnhv wkh
lqfxpehqw lqglhuhqw ehwzhhq uhvhdufklqj ru qrw/ wkh fkdoohqjhu zloo pdnh orvvhv li wkh
dvvxpswlrq lq wkh sursrvlwlrq krogv= wkhuh lv qr frqwudfw wkdw lv lqglylgxdoo| udwlrqdo iru
erwk qdqflhu dqg fkdoohqjhu vlqfh wrwdo frvwv h{fhhg wrwdo h{shfwhg jdlqv1
Wkhuh duh vhyhudo wklqjv wr qrwh derxw wkh frqglwlrq lq sursrvlwlrq 71<= lw zdv ghulyhg
xqghu wkh dvvxpswlrq wkdw wkh fkdoohqjhu/ rqfh lq wkh prqrsro| srvlwlrq zloo fkrrvh dq
rswlpdo lqyhvwphqw ohyho ryhu wlph vxfk wkdw Y lqghhg uhdfkhv lwv pd{lpxp1 Wklv lv
fohduo| dq ryhuvwdwhphqw ri wkh pdwwhu vlqfh klv hruw fkrlfhv duh glvwruwhg grzqzdugv
e| wkh idfw/ wkdw wkh lqlwldo frqwudfw jlyhv wkh qdqflhuv wkh uljkw wr d vkduh ri surwv ri
4   xqwlo wkh lqghqlwh ixwxuh1 Wkh frqglwlrq lv wkhuhiruh vxflhqw exw qrw qhfhvvdu|1
Qrwh ixuwkhupruh wkdw iru wkh dujxphqw jlyhq deryh lw grhv qrw pdwwhu/ zkdw h{dfw irup
wkh frqwudfw ehwzhhq wkh fkdoohqjhu dqg wkh lqfxpehqw wdnhv1 Rqh fdq lpdjlqh pdq|
uhsd|phqw vfkhgxohv wkdw doo glhu rqo| lq wkhlu lqwhuwhpsrudo doorfdwlrq ri sd|phqwv1
Krzhyhu/ h{ dqwh wkh| doo vkduh rqh ihdwxuh= wkh h{shfwhg wrwdo dprxqw ri uhsd|phqw1
Dqg wklv lv wkh rqo| dujxphqw qhhghg deryh1
eS Ai t|i@_) t|@|i
Frqvlghu qrz wkh pd{lpl}dwlrq sureohp ri wkh lqfxpehqw zkr idfhv qr frpshwlwlrq lq
uhvhdufk1 Wkh uvw rughu qhfhvvdu| frqglwlrq iru wkh rswlpdolw| ri klv uhvhdufk srolf| lv
F +G, . +  4,Y +G,
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+vlqfh Y  @ 3,1 Dw wkh rswlpxp wklv lpsolhv wkdw
zG @
+4 ,+  4,G

+Duelwudjh,
zklfk lv djdlq wkh idploldu frqglwlrq wkdw oderu/ zklfk lv sdlg dffruglqj wr lwv pdujlqdo
surgxfw/ vkrxog uhfhlyh d vkduh ri wrwdo qdo rxwsxw fruuhvsrqglqj wr wkh hodvwlflw| ri
rxwsxw zlwk uhvshfw wr lwv lqsxw1 Frpshqvdwlrqv lq surgxfwlrq dqg uhvhdufk duh vxfk
wkdw d zrunhu lv lqglhuhqw ehwzhhq klv wzr rssruwxqlwlhv1 Wkh ydoxh ri wkh rqjrlqj up
xqghu wklv srolf| zloo wkhq vlpso| eh Y @ Z
4
= Wkh lqfxpehqw mxvw ydoxhv wkh surw vwuhdp
xqwlo wkh lqghqlwh ixwxuh/ nqrzlqj wkdw kh zloo gr uhvhdufk iru hyhu| qhz jrrg xqwlo wkh
frvwv ri grlqj vr htxdo wkh jdlqv1 Wkh uhpdlqlqj vkduh  ri wkh h{shfwhg lqfuhdvh lq ydoxh
h{dfwo| frpshqvdwhv wkh hqwuhsuhqhxu iru klv hruw frvwv1 Wr fkdudfwhul}h wkh vwhdg| vwdwh/
frpelqh wkh Duelwudjh frqglwlrq zlwk wkh uhvrxufh frqvwudlqw ri wkh hfrqrp|=
O @ G . {+’, +Oderu,
Lq wkh vwhdg| vwdwh wkh oderu lqsxw lqwr uhvhdufk zloo wkhq vdwlvi|=
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Frpsduh wklv zlwk wkh frqglwlrq lq wkh ruljlqdo Vfkxpshwhuldq prgho= e+ k3k,
k lv mxvw wkh
xvxdo duulydo udwh  dqg wkh idfwru +4, uhhfwv wkh idfw wkdw oderu uhfhlyhv rqo| d iudfwlrq
ri wrwdo ydoxh dgghg lq uhvhdufk1 Qrwh wkdw wkh frqglwlrq deryh rqo| lqgluhfwo| uhhfwv wkh
lpsdfw ri djhqf| sureohpv rq jurzwk= djhqf| frvwv rq wkh sduw ri wkh qhzfrphuv jhqhudwh
wkh iuhhgrp ri dfwlrq iru wkh lqfxpehqw wr fkrrvh klv prvw suhihuuhg uhvhdufk srolf|1 Iru
frpsohwhqhvv wkh hfrqrp| zloo jurz +lq uhdo wlph, zlwk udwh
jW @ e+

4 
,kGW oq 
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Dvvxph wkdw wkh vrfldo sodqqhu*v remhfwlyh zdv wr pd{lpl}h wkh h{shfwhg ydoxh ri frq0
vxpswlrq | = Dvvxph dovr wkdw wkh sodqqhu fdq frqwuro wkh lqsxwv ri oderu dqg hruw
gluhfwo| exw wkdw wkh hqwuhsuhqhxu kdv wr eh frpshqvdwhg iru klv frvw ri h{huwlqj hruw1
Jlyhq wkh Srlvvrq qdwxuh ri wkh uhvhdufk surfhvv dqg wdnlqj lqwr dffrxqw wkh uhvrxufh
frqvwudlqw rq oderu/ wkh vrfldo sodqqhuv sureohp lv wkhq wr pd{lpl}h
X+G, @
+4 ,Df+OG,B
 +  4,e+ k3k,
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Wkh grzqzdug dgmxvwphqw ri wkh ydoxh ri lqqrydwlrqv e| wkh idfwru +4  , iroorzv iurp
wkh idfw wkdw wkh vrfldo sodqqhu fdofxodwhv zlwk d vkdgrz frvw ri hruw zklfk fruuhvsrqgv
wr wkh pdujlqdo surgxfw ri hqwuhsuhqhxuldo hruw lq wkh uhvhdufk surfhvv1 Wkh vroxwlrq fdq
eh zulwwhq dv
4 @
+4 ,e+ k3k,
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B
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Wkhuh duh wzr glhuhqfhv uhodwlyh wr sulydwh rswlpl}dwlrq= +l, Wkh hqwuhsuhqhxu rqo| fduhv
iru wkh sduw ri dgglwlrqdo frqvxphu vxusoxv wkdw kh fdq uhdoo| dssursuldwh= +4 , lqvwhdg
ri 4 lq fdvh ri wkh sodqqhu1 +ll, Wkh vrfldo sodqqhu kdv d orzhu glvfrxqw udwh1 Kh ydoxhv
wkh idfw/ wkdw hdfk lqqrydwlrq zloo %vwdqg rq wkh vkrxoghuv ri wkh suhylrxv lqqrydwlrqv%/
wkh lqwhuwhpsrudo vslooryhu hhfw1 Wkh hqwuhsuhqhxu ydoxhv wklv idfw h{dfwo| wkh vdph zd|1
Krzhyhu/ kh nqrzv wkdw doo sulydwh jdlqv iurp ixwxuh lqqrydwlrqv zloo eh h{dfwo| vxflhqw
wr fryhu wkh sulydwh frvwv/ ehfdxvh frpshwlwlrq iru wkh vfdufh uhvrxufh gulyhv xs lwv sulfh1
Wr vxp xs/ wkhvh wzr irufhv whqg wr pdnh wkh lqwhqvlw| ri uhvhdufk orzhu wkdq wkh vrfldoo|
rswlpdo rqh1 Wkh ruljlqdo prgho ri Djklrq dqg Krzlww kdv wkh ihdwxuh wkdw jurzwk fdq
hlwkhu eh h{fhvvlyh ru wrr vorz1 Lq wkh vxevhw ri sdudphwhu ydoxhv wkdw kdv ehhq dqdo|}hg lq
wklv vxevhfwlrq jurzwk fdq qhyhu eh h{fhvvlyh1 Wklv lv mxvw ehfdxvh d shuvlvwhqw prqrsrolvw
zrxog qhyhu fdqqledol}h klv rzq uhqwv= wkh exvlqhvv vwhdolqj hhfw lv devhqw1 Qr irupdo
wuhdwphqw ri wkh frpsohphqwdu| sdudphwhu vhw kdv ehhq jlyhq khuh lq wkh g|qdplf vhwxs1
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Exw rqh fdq frqfoxgh wkdw wkh whqghqf| iru jurzwk wr eh h{fhvvlyh lv uhgxfhg wkhuh wrr/
ehfdxvh wkh uhvhdufk lqwhqvlw| zloo dozd|v eh vpdoohu dv wkh rqh lq d zruog zlwkrxw djhqf|
frvwv1
Li wkh vrfldo sodqqhu zlvkhv wr lpsohphqw dq rswlpdo uhvhdufk lqwhqvlw| kh idfhv wzr rswlrqv1
Wkh uvw lv wr vxevlgl}h wkh lqfxpehqw*v uhvhdufk1 Wkh vhfrqg srvvlelolw| lv wr qdqfh
qhzfrphuv 0 lq d irqgv shugx idvklrq 0 vxfk wkdw wkh hfrqrp| lv frqwlqxrxvo| %uhiuhvkhg%
e| qhz upv hqwhulqj wkh pdunhw1 Vxevlgl}lqj prqrsrolvwv lv fhuwdlqo| kdug wr ghihqg
iurp d srolwlfdo hfrqrplf shuvshfwlyh 0 qrw ohdvw ehfdxvh lw xqghuplqhv wkh srvvlelolwlhv
ri hqwudqwv hyhq pruh1 Exw vr idu zh fdqqrw frpsduh wkhvh wzr srolf| rswlrqv rq sxuh
hflhqf| jurxqgv1 Grlqj wklv zrxog drug dq h{solflw fkdudfwhul}dwlrq ri wkh orqj uxq
ehkdylru ri wkh hfrqrp|/ l1h1 wkh glvwulexwlrq ri zhdowk ri wkh hfrqrp|1 Wklv lv rxwvlgh
wkh vfrsh ri wkh suhvhqw sdshu dqg ohiw iru ixwxuh zrun1
e. L?U*tL?t
Wkh suhvhqw sdshu irfxvvhg rq wkh lqwhusod| ehwzhhq frpshwlwlrq lq wkh uhvhdufk odev dqg
wkh qdqfldo vskhuh ri upv1 Wkh fhqwudo dujxphqwv fdq eh uhshdwhg lq d qxwvkhoo= hyhq
lq d vlwxdwlrq/ zkhuh doo %uhdo% lqfhqwlyhv duh lq idyru ri d ghvwuxfwlrq ri prqrsrolhv/ zh
pd| hqg xs revhuylqj d shuvlvwhqfh ri prqrsrolhv1 Wkh dgydqwdjh ri ehlqj deoh wr qdqfh
doo lqyhvwphqwv rxw ri uhwdlqhg hduqlqjv fdq jlyh wkh lqfxpehqw up d vwurqj vwudwhjlf
dgydqwdjh ylv d ylv lwv rssrqhqwv1
Krzhyhu/ wkh dffxpxodwlrq ri qdqfldo ixqgv lv qrw wkh rqo| zd| krz lqfxpehqwv fdq
lpsuryh xsrq wkhlu vwudwhjlf srvlwlrq1 Wkh dffxpxodwlrq ri nqrzohgjh lv suredeo| dw ohdvw
dv lpsruwdqw lq wklv uhvshfw1 Lq wklv vhqvh ohduqlqj dqg dffxpxodwlqj ixqgv vkrxog eh
vhhq dv frpsohphqwdu| h{sodqdwlrqv iru wkh revhuyhg shuvlvwhqfh ri upv1 Hpslulfdoo|
wkh suhvhqwhg prgho suhglfwv 0 zlwk wkh txdolfdwlrqv jlyhq lq wkh wh{w 0 wkdw zh vkrxog
qrw revhuyh wrr pdq| yhuwlfdo lqqrydwlrqv iurp qdqfldoo| uhvwulfwhg lqgxvwu| rxwvlghuv lq
surgxfw olqhv zkhuh lqfxpehqw upv duh douhdg| dfwlyh1 Krzhyhu/ lq lqgxvwulhv zkhuh wkh
hodvwlflw| ri uhvhdufk vxffhvv zlwk uhvshfw wr qrqfrqwudfwleoh lqsxwv lv kljk uhodwlyh wr wkh
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vl}h ri lqqrydwlrqv/ wkh uhdo irufhv/ l1h1 wkh Duurz hhfw/ zloo grplqdwh wkh prudo kd}dug
hhfwv dqg lqqrydwlrqv vkrxog frph iurp lqgxvwu| rxwvlghuv udwkhu wkdq iurp lqfxpehqwv1
Lw vkrxog eh vwuhvvhg wkdw erwk qdqfldo uhvwulfwlrqv dqg wkh yhuwlfdo qdwxuh ri lqqrydwlrqv
duh fuxfldo iru wkh uhvxowv= wkh prgho lv shuihfwo| frqvlvwhqw zlwk revhuydwlrqv olnh zhdowk|
lqgxvwu| rxwvlghuv zlqqlqj sdwhqw udfhv iru yhuwlfdo lqqrydwlrqv ru qdqfldoo| uhvwulfwhg
upv grlqj krul}rqwdo lqqrydwlrqv1
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Dvvxpswlrq D714 vwdwhv/ wkdw e ? 
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ehfdxvh h{dfwo| wkh vdph dujxphqw fdq eh jlyhq iru wkh rwkhu uhdfwlrq ixqfwlrq1
Qrwh wkdw e ? 
Z2
, olp
k<f
ie+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,j
2
k @ 3= Vlqfh wkh olplw zkhq  $ 4 lv qr sureohp
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Frqvlghu wkh vorsh ri wkh pdsslqj lq wkh wh{w1 Lw lv jlyhq e|= fU+4fS+4sU,
","3fS+4
sU,
"3= Lw lv wr eh vkrzq/ wkdw xqghu Dvvxpswlrq D714/ wklv h{suhvvlrq fdq qhyhu h{fhhg
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4/ qr pdwwhu zkdw ydoxh  wdnhv rq1 Zulwwhq rxw h{solflwo|/ wkh vorsh orrnv olnh
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Xqghu Dvvxpswlrq D714/ zh kdyh +5  ,2+4  ,
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? 4> vlqfh hyhq lq wkh
olplw zkhq $ 3 +5,2+4,
eE3k
k lv erxqghg deryh e| 7 dqg 2   A 5 dffruglqj
wr Dvvxpswlrq D7141 Ixuwkhupruh ie+2  ,j
2
k dqg +e2,
2
k duh hdfk vpdoohu wkdq rqh
gxh wr Dvvxpswlrq D7141 Wkh vhfrqg olqh zdv douhdg| ghdow zlwk lq Dsshqgl{ D1 Wklv
hvwdeolvkhv wkh fodlp/ wkdw wkh vorsh ri wkh ixqfwlrq lq wkh wh{w fdqqrw h{fhhg 41
Qrwh djdlq/ wkdw wkh uhdo glfxowlhv duh suhvhqw dw wkh erxqgdulhv ri wkh vxssruw ri =
Zhuh zh qrw wr lpsrvh wkh uhvwulfwlrq rq e> wdnlqj olplwv dv $ 3 zrxog lqyroyh surgxfwv
ri wkh w|sh 34> zklfk duh qrw zhoo ghqhg1 Dvvxpswlrq D714 wkhuhiruh vhuyhv wkh sxusrvh
ri sxwwlqj hyhu|wklqj rq wkh yhu| vdihvw vlgh1
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Surri ri Sursrvlwlrq 71<=
Zh kdyh wr vkrz wkdw 0 li wkh frqglwlrq lq Sursrvlwlrq krogv 0 wkh fkdoohqjhu pdnhv orvvhv
li kh grhv uhvhdufk1
Frqvlghu wkhuhiruh uvw wkh lqfxpehqwv uhvhdufk frvwv= kh frpelqhv lqsxwv dffruglqj wr wkh
frvw plqlpl}lqj uxoh h @ k3kG= Klv wrwdo frvwv duh wkhuhiruh sursruwlrqdo wr G = F+G, @

3kG= Wdnlqj frvw plqlpl}dwlrq lqwr dffrxqw/ zh fdq zulwh sU @ eh
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k
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plqlpdo frvwv ri surgxflqj d suredelolw| s lv jlyhq e| FU+s, @
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Frqvlghu qrz wkh fkdoohqjhu1 Wr fkdudfwhul}h klv frvwv/ zh pxvw uvw fkdudfwhul}h wkh
rswlpdo frqwudfw1 Wkh qdqflhuv sureohp lv=
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zkhuh +Frps, iroorzv iurp shuihfw frpshwlwlrq lq wkh qdqfldo pdunhw dqg +LF, iurp
wkh xqrevhuydelolw| ri hruw1 Ohw ah eh wkh vroxwlrq wr +LF,= Fohduo| wkh rswlpdo GW lv
wkh vroxwlrq wr pd{( eah
kG3kY zGzah= Frqvlvwhqf| zlwk +Frps, uhtxluhv wkhq wkdw
 @ 4  dv fodlphg lq wkh wh{w1
Rqh hdvlo| lqihuv iurp +LF, wkdw iru dq| frqwudfw +G>, wkh fkdoohqjhu*v surylvlrq ri
hruw zloo eh glvwruwhg grzqzdugv e| d idfwru +4 ,

3k ? 4 frpsduhg wr wkh uvw
ehvw ohyho = Ilqdoo|/ iru  @ 4   klv wrwdo frvwv dqg vxffhvv suredelolw| iru d jlyhq
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Zh duh qdoo| uhdg| wr frpsduh wkh lqfhqwlyhv ri lqfxpehqw dqg fkdoohqjhu/ uhvshfwlyho|=
wkh Lqfxpehqw zloo gr uhvhdufk dv orqj dv wkh pdujlqdo jdlq iurp lqyhvwlqj lv kljkhu wkdq
wkh pdujlqdo frvwv ru
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Vxfk d frqvwhoodwlrq fdq qhyhu eh sduw ri d jhqhudo htxloleulxp ehfdxvh lw zrxog jhqhudwh
lqqlwh h{shfwhg surwv1 Wr uhhvwdeolvk jhqhudo htxloleulxp wkh zdjh udwh kdv wr lqfuhdvh
xqwlo wkh ydoxh ri wkh uljkw kdqg vlgh htxdov wkh ydoxh ri wkh ohiw kdqg vlgh1 Ohw wklv ydoxh
eh z= Frqvlghu qrz wkh fkdoohqjhuv sureohp1 Lq jhqhudo htxloleulxp doo hpsor|huv ri oderu
sd| wkh vdph zdjh1 Khqfh/ dw z
e

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dqg wkh wrwdo frvwv ri lqyhvwphqw zloo h{fhhg wkh wrwdo jdlqv1
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^4‘ Djklrq/ S1 dqg Krzlww S1 +4<<5, %D Prgho ri Jurzwk wkurxjk Fuhdwlyh Ghvwuxfwlrq%
Hfrqrphwulfd 93= 656084
^5‘ Djklrq/ S1 dqg Krzlww S1 +4<<;, %Hqgrjhqrxv Jurzwk Wkhru|% PLW Suhvv/ Fdp0
eulgjh PD
^6‘ Djklrq/ S1/ Ghzdwulsrqw P1 dqg Uh|/ S1 +4<<9, %Frpshwlwlrq/ Ilqdqfldo Glvflsolqh
dqg Jurzwk% Grfxphqw gh wudydlo/ Wrxorxvh
^7‘ Djklrq/ S1 dqg Wluroh/ M1 +4<<:, %Irupdo dqg Uhdo Dxwkrulw|% Mrxuqdo ri Srolwlfdo
Hfrqrp| 438+4,/ 405<
^8‘ Dupvwurqj/ Pdun +4<<7, %Ghohjdwlrq dqg Glvfuhwlrq% Glvfxvvlrq Sdshuv lq Hfr0
qrplfv dqg Hfrqrphwulfv Qr1 <754/ Xqlyhuvlw| ri Vrxwkdpswrq
^9‘ Edurq/ G1 dqg P|huvrq/ U1 +4<;5, %Uhjxodwlqj d Prqrsrolvw zlwk xqnqrzq frvwv%
Hfrqrphwulfd 83/ <440<63
^:‘ Eduur/ U1 dqg Vdod0l0Pduwlq/ [1 +4<<7, %Txdolw| Lpsuryhphqwv lq Prghov ri Jurzwk%
Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk Zrunlqj Sdshu 7943
^;‘ Fkldqj/ D1F1 +4<<5, %Hohphqwv ri G|qdplf Rswlpl}dwlrq% PfJudz0Kloo/ Lqf1 Qhz
\run/ XV
^<‘ Fudzirug/ Y1 dqg Vreho/ M1 +4<;5, %Vwudwhjlf Lqirupdwlrq Wudqvplvvlrq% Hfrqrphw0
ulfd 83+9,/ 476404784
46:
^43‘ Fuhphu/ M1 dqg Nkdolo/ I1 +4<<5, %Jdwkhulqj Lqirupdwlrq ehiruh Vljqlqj d Frqwudfw%
Dphulfdq Hfrqrplf Uhylhz ;5+6,/ 89908:;
^44‘ Fuhphu/ M1/ Nkdolo/ I1 dqg Urfkhw/ M10F1 +4<<;d, %Frqwudfwv dqg Surgxfwlyh Lqirupd0
wlrq Jdwkhulqj% Jdphv dqg Hfrqrplf Ehkdylru 58/ 4:704<6
^45‘ Fuhphu/ M1/ Nkdolo/ I1 dqg Urfkhw/ M10F1 +4<<;e, %Vwudwhjlf Lqirupdwlrq Jdwkhulqj
ehiruh d Frqwudfw lv Rhuhg% Mrxuqdo ri Hfrqrplf Wkhru| ;4/ 4960533
^46‘ Ghpvnl/ M1 dqg Vdsslqjwlrq/ G1 +4<;:, %Ghohjdwhg H{shuwlvh% Mrxuqdo ri Dffrxqwlqj
Uhvhdufk 58+4,/ 9;0;<
^47‘ Id}}dul/ V1P1/ Kxeedug/ U1J1 dqg Shwhuvrq/ E1F1 +4<;;, %Ilqdqflqj Frqvwudlqwv dqg
Frusrudwh Lqyhvwphqw% Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw| 4/ 47404<8
^48‘ Ixghqehuj/ G1 dqg Wluroh/ M1 +4<;8, %Suhgdwlrq zlwkrxw Uhsxwdwlrq% plphr PLW
^49‘ Ixghqehuj/ G1 dqg Wluroh/ M1 +4<<8, %Jdph Wkhru|%/ PLW Suhvv/ Fdpeulgjh/ PD
^4:‘ Jdoh/ G1 dqg Khoozlj/ P1 +4<;8, %Lqfhqwlyh Frpsdwleoh Ghew Frqwudfwv= wkh Rqh
Shulrg Sureohp% Uhylhz ri Hfrqrplf Vwxglhv 85/ 97:097
^4;‘ Jloehuw/ U1 dqg Qhzehu|/ G1 +4<;5,/ %Suhhpswlyh Sdwhqwlqj dqg wkh Shuvlvwhqfh ri
Prqrsro|%/ Dphulfdq Hfrqrplf Uhylhz :5/ 847059
^4<‘ Jloehuw/ U1 dqg Qhzehu|/ G1 +4<;7,/ %Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh ri
Prqrsro|= Frpphqw%/ Dphulfdq Hfrqrplf Uhylhz :7= 56;075
^53‘ Jurvvpdq/ J1 dqg Khospdq/ H1 +4<<4, %Txdolw| Odgghuv lq wkh Wkhru| ri Jurzwk%
Uhylhz ri Hfrqrplf Vwxglhv 8;= 76094
^54‘ Jurvvpdq/ V1 dqg Kduw/ R1 +4<;6, %Dq Dqdo|vlv ri wkhSulqflsdo Djhqw Sureohp%
Hfrqrphwulfd 84/ :078
^55‘ Jxhvqhulh/ U1 dqg Odrqw/ M1M1 +4<;7, %D Frpsohwh Vroxwlrq iru d Fodvv ri Djhqf|
Sureohpv% Mrxuqdo ri Sxeolf Hfrqrplfv/ 65<069<
46;
^56‘ Jxo/ I1 +5334, %Xqrevhuydeoh Lqyhvwphqw dqg wkh Krog xs Sureohp% Hfrqrphwulfd
9<+5,/ 67606:9
^57‘ Kdfnhwkdo/ D1 dqg Vfkplgw/ U1 +4<<<, %Ilqdqflqj Sdwwhuqv= Phdvxuhphqw Frqfhswv
dqg Hpslulfdo Uhvxowv% Zrunlqj Sdshu Vhulhv= Ilqdqfh ) Dffrxqwlqj / Qr1 66
^58‘ Kropvwurp/ E1 +4<:<, %Prudo Kd}dug dqg Revhuydelolw|% Ehoo Mrxuqdo ri Hfrqrplfv
43/ :70<4
^59‘ Kropvwurp/ E1 +4<;7,/ %Rq wkh Wkhru| ri Ghohjdwlrq% lq Er|hu/ P1 dqg Nlkovwurp/
U1 +hgv1,/ Ed|hvldq Prghov lq Hfrqrplf Wkhru| +Hovhylhu Vflhqfh Sxeolvkhuv E1Y1,
^5:‘ Mhqvhq/ P1 dqg Phfnolqj/ Z1 +4<:9, %Wkhru| ri wkh Ilup= Pdqdjhuldo Ehkdylrxu/
Djhqf| Frvwv dqg Fdslwdo Vwuxfwxuh/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6/ 6380693
^5;‘ Mhzlww/ L1 +4<;;, %Mxvwli|lqj wkh Iluvw Rughu Dssurdfk wr Sulqflsdo Djhqw Sureohpv%
Hfrqrphwulfd 89+8,/ 44::044<3
^5<‘ Mrkqvrq/ Q1 dqg Nrw}/ V1 +4<:3, %Glvwulexwlrqv lq Vwdwlvwlfv0Frqwlqrxv Xqlyduldwh
Glvwulexwlrqv%/ Yro1 5/ Zloh|/ Qhz \run
^63‘ Nhvvohu/ D1 +4<<;, %Wkh Ydoxh ri Ljqrudqfh%/ Udqg Mrxuqdo ri Hfrqrplfv/ 66<0687
^64‘ Odrqw/ M1M1 dqg Wluroh/ M1 +4<;9, %Xvlqj Frvw Revhuydwlrq wr Uhjxodwh Ilupv% Mrxu0
qdo ri Srolwlfdo Hfrqrp| <7+6,/ 947074
^65‘ Ohzlv/ W1 dqg Vdsslqjwrq/ G1 +4<<6d, %Fkrrvlqj Zrunhuv* Txdolfdwlrqv= Qr H{sh0
ulhqfh Qhfhvvdu|B% Lqwhuqdwlrqdo Hfrqrplf Uhylhz 67+6,/ 7:<0835
^66‘ Ohzlv/ W1 dqg Vdsslqjwrq/ G1 +4<<6e, %Ljqrudqfh lq Djhqf| Sureohpv% Mrxuqdo ri
Hfrqrplf Wkhru| 94/ 49<04;6
^67‘ Ohzlv W1 dqg Vdsslqjwrq/ G1 +4<<:, %Lqirupdwlrq Pdqdjhphqw lq Lqfhqwlyh Sure0
ohpv% Mrxuqdo ri Srolwlfdo Hfrqrp| 438+7,/ :<90;54
^68‘ Ohzlv/ W1 dqg Vdsslqjwrq/ G1 +4<<:, %Lqirupdwlrq Pdqdjhphqw lq Lqfhqwlyh Sure0
ohpv% Mrxuqdo ri Srolwlfdo Hfrqrp| 438+7,/ :<90;54
46<
^69‘ Pd|hu/ F1 +4<;;, %Qhz Lvvxhv lq Frusrudwh Ilqdqfh% Hxurshdq Hfrqrplf Uhylhz 65/
449:044;;
^6:‘ Plojurp/ S1 +4<;4, %Jrrg Qhzv dqg Edg Qhzv= Uhsuhvhqwdwlrq Wkhruhpv dqg Ds0
solfdwlrqv% Ehoo Mrxuqdo ri Hfrqrplfv/ 6;306<4
^6;‘ Plojurp/ S1 dqg Urehuwv/ M1 +4<<7, %Frpsdulqj Htxloleuld%/ Dphulfdq Hfrqrplf
Uhylhz ;7+6,=77408<
^6<‘ Pluuohhv/ M1 +4<:4, %Dq H{sorudwlrq rq wkh Wkhru| ri Lqfrph Wd{dwlrq% Uhylhz ri
Hfrqrplf Vwxglhv/ 4:8053;
^73‘ Pluuohhv/ M1 +4<:7, %Qrwhv rq Zhoiduh Hfrqrplfv/ Lqirupdwlrq dqg Xqfhuwdlqw|% lq
Hvvd|v rq Hfrqrplf Ehkdylrxu dqg Xqfhuwdlqw|/ hg1 e| P1 Edofk/ G1 PfIdgghq dqg
V10\1 Zx/ Dpvwhugdp Qruwk Kroodqg
^74‘ P|huv/ V1 dqg Pdmoxi/ Q1 +4<;7, %Frusrudwh Ilqdqflqj dqg Lqyhvwphqw Ghflvlrqv zkhq
Ilupv kdyh Lqirupdwlrq wkdw Lqyhvwruv gr qrw kdyh% Mrxuqdo ri Ilqdqfldo Hfrqrplfv
46/ 4;:0554
^75‘ Uhlqjdqxp/ M1 +4<;6, %Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh ri Prqrsro|%/
Dphulfdq Hfrqrplf Uhylhz :6/ :7407:
^76‘ Uhlqjdqxp/ M1 +4<;7,/ %Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh ri Prqrsro|= Uh0
so|%/ Dphulfdq Hfrqrplf Uhylhz :7/ 576079
^77‘ Urjhuvrq/ Z1 S1 +4<;5, %Frqwudfwxdo Vroxwlrqv wr wkh Krog xs Sureohp% Uhylhz ri
Hfrqrplf Vwxglhv 8</ :::0:<6
^78‘ Urjhuvrq/ S1 +4<;8, %Wkh Iluvw Rughu Dssurdfk wr Sulqflsdo Djhqw Sureohpv% Hfrqr0
phwulfd/ 468:0469;
^79‘ Urwkvfklog/ P1 dqg Vwljolw}/ M1 +4<:3, %Lqfuhdvlqj Ulvn L= d Ghqlwlrq%/ Mrxuqdo ri
Hfrqrplf Wkhru| 5/ 5580576
^7:‘ V}dod|/ G1 +5333, %Rswlpdo Ghohjdwlrq%/ plphr Xqlyhuvlw| ri Pdqqkhlp
473
^7;‘ V}dod|/ G1 +5334, %Hqgrjhqrxv Ljqrudqfh lq Djhqf| Sureohpv%/ plphr Xqlyhuvlw| ri
Pdqqkhlp
^7<‘ Wluroh/ M1 +4<<<, %Lqfrpsohwh Frqwudfwv= Zkhuh Gr Zh VwdqgB% Hfrqrphwulfd 9:+7,/
:740:;4
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Klhuplw hunoduh lfk/ gdvv lfk glh Glvvhuwdwlrq vhoevwdqglj dqjhihuwljw kdeh xqg plfk dq0
ghuhu dov ghu lq lku dqjhjhehqhq Kloivplwwho qlfkw ehglhqw kdeh/ lqvehvrqghuh/ gdvv dxv dq0
ghuhq Vfkuliwhq Hqwohkqxqjhq/ vrzhlw vlh lq ghu Glvvhuwdwlrq qlfkw dxvguxfnolfk dov vrofkh
jhnhqq}hlfkqhw xqg plw Txhoohqdqjdehq yhuvhkhq vlqg/ qlfkw vwdwwjhixqghq kdehq1
Pdqqkhlp/ 541 Pdl 5334
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